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proof. Case-1. Letnbea positive integer :

By actual multiplication, we have
(cos 0, + sin 0,) (cos 0, + i sin 0,)
- c0s 0, cos 0y +i cos 0; sind + i sinf, cos 0, +i"sin6; sind;
~ (cos 0, cos By —sin 0, 8in0y)+1 (sin 0, cos B, +cosb; sinf,)
— cos (0, +0g) +isin (0, +03)
sin 0,) (cos 0, + i sin 0,) (cos 0+ i sin 6,)

) [cos 03 +0 sin 04]

Similarly, (cos 0, + 1
~[cos (6, +0z)+isin (0 + 03

=cos(0; +03 +0,)+isin (6 +0, +03)

Proceeding in this way to n factors, we have

( - o _
cos 0, +isin 6,) (cos 6, + 1 sI0 0,) ... (cos O +1 s10 0)
| =c08(0; +0g +-oeeee +0,)+i(sin 0, +0g e +0,)
|
- Now, Putting 0, =@ =.... = i
=0,=....=0 =6,0n both sides, we have
(COS B4 7 o
0+ i sin 0) (cos 0+ i sin 6) ..... to n factors
“ o —c08(0+0+....... ton terms) + £ 510 (0+0+.mm to n terms)
O f ai
Il L:: 8in 8)" = cos n6 + i sin nd.
Supm " be a negative integer :

' n=_
m, w i
i" .. » where m is a positive integer.



s 0 erxn @) =(cosB+i8inb) "
|

1
= (cos B + t;it; m" cons ) + LR mh s, o
i ummﬂ { win b 4

- cosﬁr"n() b1 um mb) u)nmu (minmb q
|
'
|

) coamﬂ luinmu  conm® L win mb
cos’ m(hum “ mo |
i

= cos (- m())ttsinl mb) |
wcosnO+i gin nt ‘L J

which proves the theorem for a negative integer.

Case-111. Let n be a fraction, positive or negative .

Suppose n = P (whereq#0,isa positive integer and p is any integer, positive o ﬂ

It follows from case I, that
o . 0) 0 0 ,
[coa~+tmn—») = CO8 .-«Jﬂsm q. )zcuﬁ()+¢u|n(;
. q q q q
Taking gth root of both sides, we get

' +1 8in Y is one of the values of (cos 0 +  sin gy
q q
Raising each of the quantities to the pth power,

cO8s

9 .. 0Y
cos — +isin — | is one of the values of (cos 0+ sin §)7'9

\ q q

/
or mc£9+i8in£9}isoneofthevalueaof(cos()ﬂsinﬁ'”

\ q q

Putting fz"- we get (cos n + i sin nb) is one of the values of (cos O . igin @’

L. Total number of values in the case when n is a fraction {in lowest terms), positi™®
: is equal to the denominator of the fraction n. the mfo”
;[,l Ennifubeirnﬁudtmﬁﬂdnﬁ?hnminﬁniunumwd“‘w Z::{ «
& b—neuuuﬁn_u_mmuam‘...ummdﬂww“” ;
Cor.1. (cos0-:sin®) =|cos(-@)+isin(-8) 8 |
_jsnn
"m(-ng)+'~m(_n9)"mﬂ9 | 81
_;Smn

e @ (rreBiiain@® o ane({_ nBl+isin(-nB)=
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e = (CO8 0 £ { gip O)-1
cor-3 cos 01180 FSeE =(c08 0% j gin ) 2

. (cos 0+i Sine)mn = (cos m9 + 181'11”19)" = (COB no +; o
sion : Itis to0 be noted that Tenno.
u
(8 (sm9+¢cos 0)" # 8in nO + { cog no, but

o[ T n
(sin 0+ co8 8)" =[COB (§~0)+isin (g_e)J

T
=cosn|=-0|+iginn|®_
(2 )mm"(z o).

(cos o+ i 8in B)" # cos ma + i sin mp

(i) o must be the same with cosine and sine.
Angie

e SOLVED EXAMPLES

F

(cos 20 + i sin 26)* (cos 40— i sin 40)”*

so -
Ietlon. (1) i 50) ¥ (cos 80 —i sin 80)°

_ (cos 20 + i sin 26)°[ cos (- 46) + i sin (- 40) ~?
(cos 50 + i sin 50) *[ cos (- 88) + i sin (- 80))°

" (cos 60+ sin 60) (cos 80 +isin80)

‘[-C_O:(— 200) + i sin (- 20 0)] [ cos (- 160) +isin (- 160)]

. C08140 + i sin 140 . De Moivre'stheorem]
lying
€08 (- 36 6) + i sin (- 366) el g
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in [14 - (- 36) 61
_‘cosﬂ*i"f’a =cos(a—P) +isin(g_
’ mﬁ+i3m$

- cos[14 - (- 36)8]+18

l  mne RNA L IN 509 /,



on The given equation is ¥ -2r44=0

2+V4-16 _24i2(3" ./f

=14y

X

2 2
Snce a. f are the roots of the given equation

waslﬂﬁ and p=1-i /3
put | =rcos @ and J3 =rsin 6
Squaring and adding, rPs4 = r=2 [Taking + ve sign|

ma9=land sin9=——§,ﬂhichgives 0 =60°="
2 2 3

ow, a® +p" =(1+iy3) +(1-i J3)"
=(rcos@+irsinB)” +(rcosb ~irsinf)”
={-"l(cos 0+18in0)" +(cosb- 1 8in0)"]

= r"[cos nf +  sin nb + cos nf -1 8in nb)

-r'2coln9=2"[2can.:—;}f 2""“-:,3-.




Solution. cos 86 + i sin 80 = (cos 6 + i sin 6)°

=c0s®0 + 8C, cos” 0isin 0+ 5C, cos® 6.:i% sin?6
+ 8C3 cos® 6.2 sin® 0+ 8C, cos* 6.i* sin*6+ ®C; cos® 6.i° sin” 6
8 _- T - 8 - B
+5C, cos? 0.i% sin® 6+ °C; cos 6.i" sin’ 6+ sin"6

[Expanding R.H.S. by Binomial theorem]
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69 gin’0—i.56 cos’ 0sin” 6

:ms’ﬂ+:.8cos7ﬁsin 0 - 28 cos

. n s 3. |
+7Ome‘93in‘9+i.56cos“9mn°9—28cos Ehsm“ﬂ—8:(:039:;inr1791

Equating real and imaginary parts on both sides, we have

cos80 = cos® 0 - 28 cos® 0 sin® 0+ 70 cos
in 8- 56 cos”® Bsin” 0+ 56 cos® 0 sin® 08 cos Osin’ 6

1 ggin' 0 - 28 cos”’ 0sin® 0 +sin® g

sin 86 = Bcos' 08
(i) Puttingsinzﬁzl-coszﬂin(l),wege-‘t

cos80 = cos” 0 - 28 cos’ 0 (1 - cos’ 0)+ 70 cos” 0 (1-cos” 6)’
98 cos? 0 (1-cos®0)’ + (1- cos’9)"
- cos® 0 - 28 cos® 9(1-coazﬂ)+70cos‘6(l—2c0929+cos‘0}
98 cos’ 0 (1- 3 cos’ 0+ 3 cos* 6 - cos
+(1-4 cos® 0+6 cos* 04 cos” 0+ cos

= 12300889-256008694'160008‘9-32(.‘08294*1

() Dividiag (2) by cos 6, we get

-
:1(:!99=Bcos‘sin9«56wo‘8:in39+56cos"'ﬁsin“9—-83in70

Putting cos’ 0 = 1 - sin” 6, we have

-
sin” 0 1o B

cos 6

-8(1-8in?0)° sin® - 56 (1-8in’0)? sin® 6 + 56 (1 - sin” 0) 81

:
an' 8

~8(1-3sin?0+3sin* 0 -sin®6) sin0 - 56 (1 - 2sin’ 6 +sin" ¥
+561(] - singﬂisinsﬁf'sfmls

msdﬂ8~wm39+192'm59-128’m76.



SOLVED EXAMPLES

Solution. Let r=cos0+isin6

1 1 cos 0-:sinb ..
= = ——5 ——5 5 =¢c0s0-isin@
r cosB+isin0® cos“0-:°sine
1
x+—=2cos0 (1)
x

Also 1 = cos n@ +i 8in nGMdin:cos n6-isin nb

X
|
x"+—=2cos nb ..(2)
In
p 6 ' 1
/ \ 1 I 6~ _3
(M) "x+—1-’ =x%+°C 15.—"60214-_* Cs x”. 3
i t 1 2 x
\ Ij X X
1 1 1
+5C, 2% . — +%Cyx. -+ %Cy —
4 4 5 5 6
x x x

| 1
=[ 6+;16—)+6 (x" +;12-J+15(x2 +;§-]+20
g (1) and (2), we get (2 cos 6)° = 2 c0s 60 + 6 (2 cos 40) + 15 (2 cos 20) + 20

Oviding by 25 we ge

00689=526—[cos66+Gcos49+15c0529+101

=§-1§lco569+6cos49+15cos29+101

PR



4+ 17 7+7C x6‘1+7C2~15-}'2-+1C3x4.—13”
i) [I"’;} =X 1 x x X
7 3 1 7 2 1 4 1 1
+'Cyx ‘;T+ C; x .x—5+ C,s,;;_x_ﬁ.,_7
=(x7+—li-J+7(x5+-1—5}+21(13+%J+35(x+—1—]
._ x ! x° ) x Lox)
From (1) and (2), we get
(2 cos 0)” = 2 cos 70+ 7 (2 cos 58) + 21 (2 cos 36) + 35 (2 cos 8)
Dividing by 27, we get
cos79=—227(cos79+7cos59+21c0339+35cos9)
)
L 1 ff-?
=a[cos79+700559+2lcos39+350059]_ Sl



— gin (x +1¥)

Solution. Given tan (0 + i9) ! .

Changing i into — ¢, W have tan (8—i¢) =S (x —iy)

Adding (1) and (2), we have | |
)= sin (x +iy) +s10 (x—1y)

tan(9+i¢)+tan(9—i¢

sin (8 +i¢) . sin (6 - i.¢) _ 9 sin x co8 iy
cos(@+i¢p) cos (0—i¢)

or
sin (0+i¢) cos (8 —i¢) +cos (O i) sin O—10) _ o i x cosh y
or cos(0+i¢) cos (0 — ip)
| sin(9+i¢+9‘i¢? —2sin x cosh y
ie., cos (0 +i¢) cos (6 —1¢)
. sin 20 __—2sinxcoshy
ie., cos(0+i¢) cos (0 —id)
Again, subtracting (2) from (1), we have
tan (0 + ip) — tan (6 —i¢) = sin (x +iy) —sin (x—1iy)
. sin (9+?¢) _sm (e—l_d)) =2 cos x sin iy
cos(0+i¢) cos (0-id)
sin (8 +i¢) cos (8 —i¢) —cos (0 +1¢) sin (0-i¢) _ 9 cos x Sin i
" cos (0 +i¢) cos (0 —i¢) B !
sin(@+ip—-0+19) . :

r Acos(9+i¢)cos(9_i¢)—chosxsmhy

sin (2i¢) ; :
r =

cos(0+ i) cos (0—i¢) ST Ay
i sinh 2¢ _9; inh
cos0+ i) cos@—ig) ooy
sinh 2¢
= 2cos x sinhy

cos (6 + i) cos (0 i¢)
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MU“OII- () If tan (0 + 1¢) = cos a + | sin a 1
Then tan (8 - i¢)=cosa -1 sin a D

Now. tan 20 = tan [(0 + @) « (8 - 1@

. tan (8 + 1) + tan (8 - 1d!
1-tan (0 +:¢)tan (8 - 1)

. (cosa+isina)+icosa-jsanal

1-(cosa+isina)cosa-isna) (Using (1) and (2

2co8a _'2(11(.1
l—(mszavsin’zal 0

i tan (2i¢) = tan [(8 + i¢) - (8 — i¢)]
_ tan (6 +1¢) —tan (8 -i¢)
1+ tan (0+i¢) tan (8 -i¢)

(cosa +isina)-(cosa-isina) 1
_ _ lsing (1) and (2N
1+(cosa+isina)(eosa-—inna) Using (1

. 24 sin a Asina _ ..
i tanh 2¢ = - =imma
X 1+(ooe’a+sin’a) 2
tanh . M- e
2¢=sina Le, e 1




Solution. () Let x=

asme asme_tane

NOW’ \I " — a 9 a cos 9

X
-1 ______{.._—- — -1 —0B= Sin—l x )
tan _tan '(tan0)=9 ( ~

a2 —x2

Gi) Let x=tan6® = f=tanlx

Ji+x2-1] Vl+tan®6-1_ ec?0 -1
Naw, x B tan 0 tan 0

_sec6-1_ 1-cosb

tan 6 - sin 0
. 90
2 2Y .9
_ sin” sm#z:tan_e_
9sin 2 cos®  cos® 2
2—
tan ! vi+x® -1 =tan~! tan-e- =g=—1-tan“1x
¥ 2] 2 2

(ifi) I.let xzzcogge — 9=~licos_1x2



1+itanh > cosh12‘.+isinh.’_2‘.

2 | _log 2 2
1-7 tanh ; cosh 2 ~isinh 5

:]og

=log(coshl;-+isinh—2{)-log(cosh—;-—isinh%)

2 X | o 2 X - 1 ta f)
log(cosh 2+smh 2JHtan [ nh2

EREAN 1
——l-log(coshziwmht—}ﬂtan ‘\tﬂn

2 2 2.

: 2_|_jtan"(sinh %)

=2itan'l(tanh—2{)=itan‘




|

cos o cos 2a
sin a sin (2a - a.)

Solution. We have T, =sec a.sec 2a =

cos o cos2a sina  cos a cos2a sina

€0S oL cOS 20

1 sin 20 cosa — coS 2a sin o
sin a

= _1 [tan2a -tana]
sin o
Similarly, T, =sec 2a sec 3a = _1 [tan 3o - tan 2a]
sin o

T, =sec3asec4a=—¢—1——[tan4a—tan3a]

sin o
R ( ..... 1) ........ 1 hid
=gecno.sec\n+ o= tan _ »
n sina[ (n+Da tanml
Adding vertically, we get Biow
S= .1 [tan (n+1) a - tan «] il
sin a e

_ 1 -sin(n+1)a_sina
sina| cos(n+l)a cosa

- 7 A

1 sin(n+1)acosa.-cos(n+1)asin§;"‘

sinaL cos(n+1)u cos a

) sin[(n+1) a-a)
sinacosacosin+1l)a -
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and

2.
C+iS =(cosa+isina) +%(cos 200 +1 8in 2u)+[%) (cos 3+ isin 3a) + ... to




2
l l l"“
2
(m 1-‘1(.' " lm\l ‘l l‘." \
—————————— x ,,.,f,, — - l z
1--¢" 1-—e"™ 1-"(e"+e ™
9 9 e+ ) 4
o 1 .. ]
e —2 COS oL+ 1 8In o -
- . 2
I -
1'005(1+4 1-cosa+
Equating the imaginary parts, we have
g- sin o B 4 sin o
1 5-4cosa.

l-cosa+—
4



Solution. Let C =cos 6 - % cos 20 +% cos 30 —..... 0

and S=sin9—%sin29+%sin30— ..... @0

=log (1+2)=log (1+¢"®) =log (1+cos 6 +i sin )

------
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Cm—
=Iog‘ﬂl+cose)2+sin29+itan‘lliucloie
e )
[ log(x+iy)=long2 +y? vitan™’ Y j
X
, ‘ ZSiDBCOBB\
=logfl+2coaﬂ+cos‘0+ain39+itan" 9
2 cos
2
0
= \/ ) 'tan"(tan—)
log | 2(1+cos B) +1 -
6 .0
= | deos’ = +i.—
» 22
6) . 0
=1 (2008—)+1,-—
. - 2 2
i)

| —_



