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1. INTRODUCTION

ORIGIN oF QuanTUM
- MEcHANICS

faﬂi:al_f’h}'sit-:s deals Pr‘imaﬁly v{ith the objects at macroscopic level. Most of the
effects with which clas:mcal th:eory 1S concerned are either directly observable or can
| be mzde observable with relatively simple instruments like a microscope, which has

resolution of the order of one micron (~ 107 m) at the best. Newton’s laws of

-;m:icn form the basis of the most elementary principles of classical mechanics and

the equations derived from these laws are suitable for the solution of motion of

! macroscopic bodies. :
. During the first few decades of the present century, it became evident (with the

ﬁs:mex} of X-rays, radioactivity, pho}oelcctric effect, etc.) that the déscription of
the phenomenon on atomic or sub-atomic scales (micrdsbopic scale) where the
lenzths are of the order of a few angstroms (1 A = 107" m) to fermis (1 fermi =10~ m)
do rot fit well within the domains of the laws of classical physics. It was recognised
ﬂnt older classical laws do not yield correct results when applied to atoms and

| electrons (i.e. to objects of micro size) without considerable modification of classical

_in ions. In microscopic world, the dynamical variables like energy and momentum
did not have the same meaning as that in the case of classical dynamics. Rather these
Varizbles were found to have discrete values in different states of an atom and did not

ichanze in a continuous manner from one state to the ot_her as one expects under
Classical laws, These new concepts led to the formulation of a new mechanics called

tum Mechanics, which was found successful in giving satisfactory

'gplanation to many observed facts related to micro objcct_s. | | ;
. The development of Quantum Mechanics took place in two stages. The first stage
%20 with Max Planck’s hypothesis in 1900 that radiation is emitted or absorbed by

Matter in di each of energy hv, where vis the frequency of
B o0 1 Ko o R 62 x 107> Js). The theory consisted of

:."'4lion and k is Planck’s constant (h = 6.62

* Mixture of classical and non-classical (i.e. semi-classical) concepts, an# was not

pletely satisfactory,
e . '© second stage began with the deve L of
- "dinger in 1926. This mechanics combines earlier lfle
nis de-Broglie’s wave particle duality relationship.

lopment of wave mechanics by Erwin
as of classical wave theory



122 Planck’s Hypothesis and Planck’s Radiation Law  (ld Lj’laﬁld&";

_i-'or explaining the distribution of ene

rgy in the spectrum of a black body. Max Planck, Wl-‘l“;l-;
ry of heat radiations. According to this theory “A d

'r|ack body radiation chamber can be supposed to be filled up with simple harmonic

a photon. Thus according to this hypothasis, each
photon has an encrgy proportional to the frequency vof oscillator ie.

E=hy
Universal Planck's constant. Its value is cqual to
6.62 x 107 Joules-sec (Js)
" In other w

_ ords, Planck’s quantum hypothesis is consisted of the assumption that
the radiation oscillators are not excited to a continuum of energy states, but that these
Oscillators exchange energy with the surroundings in discrete units, AV, so that only
Vailable tnergy states of excitation are given by

whcrc his the

E=nhy s =434

;'“'hc“’ n=0,1,23,..(uis called quantum number)

_s n the hasis of this hypothesis, one can show that the expression for the energy
.I \ _'-'.' nsity Ei in the range dA has the following form

Sthc 1 da

w{ 1.3}
L MM

EAdtl =

B/ This s Planck®

Dﬂnuln fits the ¢

ge, Funher. th
|

s radiation law in terms of wavelength at a given temperature. This
Xperimental curves (Fig. 1.1) very well for the entire u‘_:nrlmglh
¢ classical expressions, the Wein's law and Rayleigh-Jean's law can
educed from it as particular cases.
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In the above section we have scen that Planck hypothesis provided theoretiey
interpretation of the spectra of black body radiation by assuming that the modes of
oscillation in a black body contained only discrete amounts of energy(This discre(e.
quantised behaviour ‘of electromagnetic radiations suggests that light waves are
transmitted as packets or quanta of cncrglj,? ' | - '
Einstein succeeded in explaining photoclectric effect by assuming tha
_electromagnetic radiation travels through space in discrete quanta called photons.
Thus photon is a quantum of electromagnetic radiations which always travels along
straight paths with velocity equal to that of light and zero rest mass.

v/épem'es of Photon

(i) The energy of a photon of frequency Vis hV.
(ii) A photon behaves likea particle with rest mass equal to zero and mass equal ©

-

E hV_ he

m = — k
== T = Ty
P Y | |

(iii) It possesses not only a definite energy hvbut also a definitc momenium equal |

| ]

2 -
mc- E i . i T S B
Invic or hlA, Abeing wavelength associated with radiation and |

i —

top=mc=
c ¢

c the velocity of light. /i is a universal constant, called Planck’s constant. ;
(iv) Photons are electrically neutral and so are not affected by electnc 3

magnetic field:

u»l/{ Photo-Electric Effect

Photo-electric effect is the phenomenon of emission of e
metals when light of a suitable frequency falls on thein. The emitted |
called photo-electrons. The basic features of the phnm—clcclric effect arc: ol |
(i) There is always a characteristic fréqucncy [or every metal _k"““'“ 2 fhrrfuim: ‘
Srequency (say 1) such that the light of frequency less than ME im:up;}hlc_t‘."”u' 3 b

S :

.

electrons from the emitting surface. :

- ' AL g ‘l'- |
lectrons from the surface ' ;
k 18 ake |

electror
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,.mﬂv velocity of the phnln—t.:lt'c‘lmn‘i is completely independent of the Intensity
L incident light htnl d'cp'und.s on its frequency.

P LT The rate of emission of photo-clectrons is directly proportional to the intensity
n’f[hf incident Iigh.t (not on frcc]ll'cqcy ol the incident radiation),

. These observations were satisfactorily cxplained by Einstein in 1905, using
planch s idea of energ ADtis: cordi ich clectromagnetic radiation
* gocs not_act like a wave but consists of photons of cnergy hv. Using this concept
rmr)iuincd the above observations as follows:

 When light of certain frequency v (or quantum of radiation, hv) falls on metallic
 qurface, a part of its energy is used up to liberate the electrons from the surface
f‘(k““w“ as work function) and the rest of energy is carried by the emitted electrons
. as their kinetic energy. This situation can be expressed mathematicall yas”

1 .
hV:—i—mv:-!-gﬁu 7

* where ¢, is the work function of the emitting surface and —21—-va is the kinetic energy

of ejected clectrons, The radiation quantum or photon in such collisions interacts
.~ with clectrons as a light particle. The work function ¢, is related with
¢ threshold frequency as

- C dy=hy - . (1.6)
~ where v is the minimum frequency for which the electron is just emitted from the
. interior of the metal to the surface without having any kinetic energy. In other words,
~we can say that with energy h v the electron is just able (o overcome its binding force
i With the metallic surface; 50 .l de. .

1 B = Ry Sy ¢ S —
- or - %mzﬁ =h(Vv=vg) L. (17
";'.-' This cquminrri;;’c?ficd.ﬁinSLcin's photoelectric equation which clearly explains the
',f" “eXperimental observations as follows: ' :

(1) If the frequency Iof pho'tons L;is Icss“ lhﬁn 1 then -;—mv2 i.e., kinetic energy of

. Photo-electrons is negative which is an‘absurd result, hence the emission of electrons
= IS not possible. -

2

({i) The kinetic energy %—m'v or velocity of photo-clectrons depends on the

frequcncy of incident radiation v and is completely independent of the intensity of
fadiation, Thus if the frequency of radiation is kept constant and intensity i.e., number
9 photons incident per unil 'area of the surface is increased, the number of photo-
. ctlectrong emitted will increase but there will be no change in velocity of photo-
Flcclrnns. Hence the photo-electric current is proportional to the intensity of _llfe
© | '"cident radiation and the increase of intensity does not affect the maximum kinctic
. Cnergy, R
(iii) The number of clectrons ejected per unit time depends upon the number of
pholuns falling on the surface per unit arca per scc. (i.e. intensity). By increasing
INtensity of light, the number of photons in the incident radiation igc;c;sch sa the
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1.3.2. Compton Effect

A further evidence of the particle nature of clectromagnetic radiation was given
by A.H. Compton in 1921, while he was‘investigating the scattering of X-rays by
a block of paraffin. He discove when high frequency radiation is scattered
by the electrons of the scatterer, then frequency of scattered radiation is smaller
than the frequency of the incident wave or the wavelength of scattered radiation
is greater than the wavelength of incident radiation. This phenomenon is called
Compton Effect. Compton also observed that decrease in frequency of the
scattered radiation varies with the angle between the scattered and incident
directions. |

According to classical theory, the electric field of the incident electromagnetic
wave train excrts a force on the atomic electrons in the scattering material and
will set them into forced vibrations of the same frequency as that of incident
waves. The oscillatory electrons will then emit rays of frequency e to their
own, like an oscillating dipole. Meaning thereby that the scatlcre;#}r!:;]s should
have the same wavelength as that of incident waves. This result was not in

o

agreement with the Compton’s experiment. Compton explained the obseryed
phenomenon on the basis of Planck's quantum theory of radiation where radiation
e —— — v

consists of quanta or photons with energy hv. Compton treated the scattering
phenomenon as equivalent to an elastic collision between two particles, the
incident light quantum (photon) and an electron of the scatterer. The decrease in
frequency of the scattered photon is due to decrease in its cnergy-,tﬁ'atrm-rpurl
of the encrgy of the incident-photon is transferréd to'thé €lectron during collision
and hence the scattered photon moves with reduced energy (decrease in energy

means decrease in frequency), | ¢

Theory of Comptan Scattering (Kinematics)' P i
Consider an X-ray photon of frequency v incident upon a free electron at rest
Fig. (1.2). During collision it imparts a‘part of its cnergy to the electron setting it
into motion. The scattered light quantum’(photon) has a smaller energy and hence
smaller frequency. T 3 1y

Let the collision be relativistic, i.e. mass varies with velocity. The incident
photoln possesses energy as well as momentum Whereas the electron is supposed
to be initially at rest and free before collision. As stated above during collision, a
part of the energy of incident photon is imparted to the electron which is recoiled

with a velocity v and the scattered photon moves with reduced energy and hence
lower frequency v/, iy
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op collision. let the scattered photon ang
?T}L\c Jircction of incident photon, By applying the usual laws of conservation of
\\i[ 1

¢ and lincar momentum, the kinematics of the collision process can be worked
Ry N

I, described below:
..\{Il il

recoil electron make angles ¢ and 6

Eleciron
Incident photon i

-------------------------

4

hv, hvic
E=m.:
W \

Fig. 1.2

Before Collision
The encrgy of incident photon = v
et on = 3
The rest encrgy of the electron = myc?, 'where my,

is the rest mass of the electron.

Wi Ol

The momentum of the incident photon = .14

: c
The momentum®of the electron = 0, as it is at rest. e ey
After collision ' \
The encrgy of the scattered photon = hy/

. Fhl" \ Tin

The momentum of the scatfered photon = — -

The momentum of the recoil electron = mv, where v is the velocity of the electron

alter collision, o e

The total encrgy of the recail electron (including rest energy) =mc’, where m is the
455 of moving electron given by o

n = mu/\!l = 02/01

From the principle of conservation of energy, we have
"E1gY of the system (photon + eleetron) before collision "

=Energy of the system after collision

I'I.e‘ b
; hv+mge® =hv' +met ~A1.8)
o Pfh',\'mg principle of conservation of momentum in the direction of incident
on, we'haye T s
’ o
v +0 = hv” cos @+ mv cos @ «(1.9)
¢ @

Apnlve ;
Dhmt:m" ng mom

entum conservation, perpendicular to the direction of incident
"' We haye

it '_f"::'.'.: I

e ™7 2 oy
AN
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From eqgny, “"-’.-'.".".‘.I (1.10), we can write
meecos O sl - cos ¢
mee sin 0 =y sin ¢

Squaring and adding these cquations, give
A 1 y . ’ 2 ’ot 2
M= (cos™ 04 sin® O = (hv-hv' cos ¢)” + (v sin @)

1 2 A,
or m: p:' o o hz “,! 4 1"" Ccos” -2 vy’ cos Q)+ Nh” v .'iln2 0]
or m? ot et = 0V 1 (cos? ¢+ sin ¢) =2 v cos ¢ |
" :
or Mt =R VL2V cos @) IRTT

From eqn. (1.8), we get
met =l (v=V )+ ny ¢
Squaring this equation gives
m* eV = 1R (v )P mi ¢t 42 ny Ah(v-v )

2

or mret = IV EvE-2v v )+ 2 mect (v=v' )+ my ¢
: - (1:12)
Subtracting cqn. (1.11) from egn. (1.12), we get
m? el (('2 - zizj =24 v (cos @=—1)+2h (v= v’ ) m/f,oc'2 + mf, ot
: , ; (1.13)

m

1]

Writing, M = —m==——, cqn. (1.13) becomes - e
Vi=vi/e? ;

1 2 ; - ) :
myet =2 1% v v’ (cos = 1) +2h (V=) myc +mdc*

or 2b(v=V)myc? = -2 vy’ (cos g 1) '
' = h
or — = 7 (I —cos ¢)
V= et pyle ' e
o | Sie- 5 |
o VR RREE, S » A(1L19
v v nmyc* i

This expression gives the change in f; requency of scattered photon. R.H.S. of eqn.
(1.14) is positive giving L.H.S. as positive and hence it follows from eqn. (1.14) that
V> v e, the frequency of incident radiation is greater than the frequency of
scatlered radiation, - g

& p C p
In terms of wavelength (/1 = —) . the expression (1.14) becomes

sojae v
& g mpe> 2 7 e
or AEEX = AR = (1 - cos ¢) it A(119)

myc
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ot £

5y When 0= _JZ'_' ¢
B i)

- 1 FRETn b

Therefore, from egn. (1.17), tan §= 1
v 1l
tan & being positive, flies between 0° and 9¢°
Also AA= -—’-1— =0.0242 A
myc
This means that the phot_on gets scauegzd and moves at right angles to the direction
of incidence. The change in wavelength'is"0:0242 A while the electron moves in a

_ : .t .
direction making an angle @less than = with the direction of incidence.

-

(3) When ¢= 7, cot -f’_ =0, giving

tan 6=0 or 8=0
2h '
myc
change in wavelength equal to 0.0484 A, and the electron moves in the forward

~direction of incident photon. Thus the maximum change in wavelength takes place
. when the photon gets scattered in the backward direction of incidence.

Also AA= =0.0484 A. This means that the photon reverses its direction with

- Kinetic Energy of Scattered (Recoil) Electron in Terms of

. Photon Scattering Angle (9)

Kinetic energy imparted to the scattered electron from photon = E, = (m —my) ..
- This is equal to the decrease in energy of the incident photon. From eqgn. (1.8), we
i have ' '
] Ey=hv-hv’'

& lile

I =
1+ ’wz (I=cos @)

=hv-hv

(using eqn. (1.14))

hv[l+ ’”', (l—cusgﬁ)—_l]
it HGES >3 _J Zhy

]+ hi” “—COSﬁ'”'I'!'

myc

[ 2 asin® /2
| 1+2asin” ¢/2

]...(1.18]

B W h
3 here a= 3
' moC

fThc above expression (1.18) gives K.E. of electrons in terms of angle of scattering
. 0 :
. " photon, :

The €nergy of the recoil electron wili pé
E, = 0forg=0,
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By =AM i g
I+ a

-

and Ey=hv forp=rm
m 0 1 - @

Kinetic Energy of Recoil Electron in Terms of Angle of
Scattering of Electron (6)

From eqn. (1.18), we have

2 & 'sin?
Eo=ln’[ ..a'sm. ?/2
1+2asin® ¢/2

iy hv22a s g 20
cot’ §/2 +1+2¢

cosec” ¢/2+2a

20

=hv <
(1+a)*tan’ 0 +(1+ 2a)

(using eqn. (1.17))

hv2a cos? @
(1+ )? sin? 6'_+(I+2a) cos’ @

h hv 2a cos® @
(sin” @+ cos? ) +2 a(sin® 6 + cos? 6)+ a’sin% g -

L

hv2a cos® @ _ ok T
1+ 20 + o? (1-cos? @) -

hv2acos® @ :

T (+a) —alcos’ i

From the above discussion, we find that the energy ol the scattered electron ranges
hv22a - 4 '

R for the scattering angle ¢ of a photon ranging from zero to 7 (or

from zero o

" equivalently for the scattering angle 8 of electron ranging from X o 0). Thus, the
_ : 2

maximum energy that the photon can’transfer to the electron is v —=%_ \which is -
' 1+2a '
less than hvsince ais a positive quantity. Hence the photon cannot transfer its entire

‘/'wrg_\' 10 the electron, ;
Energy of Scattered Photon A,
Wavelength of the scattered photon from eqgn. (1.15) s

7 oy Bl o I @)
niye

Thercfore frequency of the seattered photon is
Y
’

P

¢

-
A a4 -l'-—tl —Cos @)
l'”r
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15
7 /

or ‘ ST _C (1.20)
+—— (1= cos ;

mycA (r-eosg)
ma e LM i : g h.}

. 1+ (1= cos ?) ' R myed:

Thus the energy of the scattered photon is |

hv' = e o S h (1.21)
I+a(l-cosg) " 1+2 asin? ¢/2

Experimental Verifi
If the Compton theory,
photon and electron as

cation of Compton Effect
as described aboye by the usu

a two particle collision, is corre
observe the scattered photon and the recoil electron sim

Bothe and Geiger in 1925 conducted the experiment an
contents of their experiment are described below:

A beam of X-rays was scattered in a
pressure. The scattered photons and rec
and electron counter respectively,
ray beam. One of the counters was
closed with a platinum foil and was
and allowed X-rays alone to enter t

When a photon enters the chgm
producing the secondary electrons.
respond directly to the photon as
electrons: ik

Now according to Compton theory, if a
a recoil electron must enter the electron
there were about 10 electrons for each
Scattered photon that' were registered

al kinematics of collision of
ct then it must he possible to
ultancously. For this purpose,
d verificd the prediction. The

small volume of hydrogen gas at atmospheric
oil electrons were detected by photon counter
arranged opposite to each other and normal to X-
arranged to respond electrons while the other was
sensible to photons, as the foil absorbed clectrons
he chamber Fig. (1.4). v

ber; it interacts with the gas in the chamber, thus
It is to be noted that the photon counter does not
such striking it; but only directly to secondary

scattered photon enters the photon counter,
counter simultaneously. It was observed that -

' X-Rays
by photon counter.. This is due to the 3o B
fact that every photon does not - . 2 ‘ 2
Produce a secondary effect. Both of  Photon " Electron \
the counters detected ‘simultaneous’ L] yoounter &ipio|it(Caunter N 3
ionisaiioninaboutlo% of the observed 5 L

Y . . . W . . . ' ) 'hv ' .‘ II e ’

cases which is a sufficient indication N /\"-—-— ¢
of the fact that i could merely nof be a /

chance

coincidences.  Therefore, __ o

Observed coincidences should only fbe

taken dye (o simultancous emission of —=
SCattered

photon and a recoil electron | '
thereby Supporting Compton effect as |
W0 particle collisions. -
Fuﬂher, visible light cannot be used to demonstrate Com
A Visible ligh photon of wavelength (say) ‘

b o 3
Hydrogen| gas

Fig. 1.4.

pton effect. The encrey of
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1/4. INADEQUACIES OF OLD QUANT UM THEORY
application to problems of the black body

{ radiation, the photo-electric effect, the Compton effect, the variation of specific hea
with temperature and the spectrum of hydrogen atom is now called the Old Quantum
Theory. Though these phenomenon werc successfully explained by the theory, ye
there are a number of drawbacks of the theory, given below:

(i) Bohr's quantisation rules arc arbitrary. The theory does not provide physical
explanation for the assumption.

(ii) Bohr’s postulate that in stationary orbits, clectrons do not radiate energy,

was based only on empirical observation and had no theoretical justification.

(iiiy Old quantum theory could not even explain the spectral lines of simpler

systems next to hydrogen atom like hydrogen molecule and normal helium

i
" Planck’s quantum hypothesis with its
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(iv) It failed to give any information regarding the transition probabilities and
intensity of spectral lines.

(v) It could not explain the processes connected with the spin of the electrons
and Pauli’s exclusion principle.

(vi) It could not explain dispersion of light.

(vif) The theory cannot be applied to anharmonic systems.

(viii) Scattering phenomenon, in general, could not be explained, rather it is out of

the purview of old quantum theory.

A breakthrough came from the discovery of the wave nature of matter proposed
by de-Broglie in 1925 and the development of Schrodinger’s description of these
matter waves. The de-Broglie and Schrodinger’s methods have been widely used
because the basic physical ideas could be explained more easily through the solutions
of differential equations involved in mathematical formulations. |



¢oof of de-Broglie Wave Equation

According to quantum theory, energy of photon (radiation)-of frequency Vis

E=hv
If photon is considered to be a particle of mass m, its energy = mc?, then
hv =mc?
or | me = By i (A= £ is the wavelength of radiation)
c A v
p=t-t .(1.23)
mc. P

where p = mc is the momentum of the photon. |

de-Broglie assumed that this equation be equally applicable to both the photons of
radiation and other material particles.

If m and v be the mass and velocity of the moving particlé, then its momentum p =
mv. Thus the wavelength of the wave associated with material particle is

% e N 1.28)
p mv ;
The above-equation-is-knewn-as-de-Broglie wave equation and A is called de-

Broglie wavelength. The associated wave is termed as matter or de-Broglie wave.

Egn. (1.24) can also i jon of a standing wave
system and the principle of relativity as under.

Consider a matenal particle e.g., electron or proton as a standing wave system
associated with the particle. Let y be the quantity that undergoes periodic changes of

matter waves al any instant 1, at the point (xq, yo, Zo) then the value of y will be
represented by

R4 V=¥ ISi“__“b!_o |
or W = Y sin 2 vy, (g = 27v) -:(1.25)

kahere ¥ is the amplitude of the wave at (xq, yg, zo) and ¥, the frequency df, the
particle as observed by observer at rest relative to the particle. -

Now, if the particle moves with a velocity. v along the positive x-direction, then
according to inverse Lorentz transformation - '
{

v
f,+‘—2—x
ty = —==%
0 2
' v

—

C2 \

and the variation of y under this condition is given by

P
*t,-r?-x

Y =Y, sin2ry,

2

...(1.26)
v .

L 3%

C'Z
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W = Y, sin {-?—';’-r-(r + %)}

19

.sl1,27)

here Wp is the amplitude, f the periodic time and u the phase velocity of wave along
w 4

-axis.
* aé;mparing eqns (1.26) and (1.27), we get

Qibep = Wlgde.
and T

From Einstein's mass energy relation
e 1
E =mgc” = hy,

mqc?

h
Substituting this in eqn, (1.29), we get

2 ’ 2
p:-ﬂi. I_L
CI

h
_ mc?
or =

[T B it i

h
Thus the wavelength of material particle is given by

or W =

2

c
1= velocity L o
frequency v mc?
h
or = —h——
mv

which is the same as eqn. (1.24). This
mass m movin

by eqn. (1.31).

...(1.28)

N1 9)

-.(1.31)

physically means that a material paniclc' of
g with velocity v has a wave associated with it of wavelength A given

Further if E be the kinetic energy of material particle then its momentum

P=2mE (provided v << ¢), then
de-Broglic wavelength is given by

h
A=z ——
2mE

«(1.32)

Ifa charged particle having charge “q" is accelerated through a potential difference

V volts, then

E=qV

and the de-Broglic wavelength for such a particle is given by

-__h
) l_JlmqV
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The method of obtaining an expression for de-Broglic wavelength indicat 1
material particle in motion possesses two different velocities, one of whic "1 oS to
the mechanical motion of the particle represented by © and the other refers ©© motieg
of propagation of the phase of the associated wave represented by u. These g
velocities are connected by the relation

fz (e
5

.-.
=
I
[
H
—
i
Y
tad
—-—

‘perimental Verification of Wave-Particle Dualism
e wave nature of material particles was experimentally confirmed independently by
Davisson and Germer and by G.P. Thomson.

(a) Davisson and Germer’s Experiment

-The first experimental evidencc for the existence of matter waves was g-i\'cn in 1927
by two American Physicists Davisson and Germer, who succeeded also in measuring
the de-Broglie wavelength for slow electrons, accelerated by a low poiental
difference, by diffraction methods. The experimental set up is shown in Fig. (1.5),
where G is the electron gun; T, a single crystal of Nickel chloride, C the collecting
chamber.

The electron gun produces the electrons by the process of thermionic emission
from a tungsten filament F heated by low tension battery. These electrons are
accelerated in an electric field of known potential difference from a high tension
battery. The electrons are collimated to a fine beam by suitable slits §; and S,. Thus
electron gun is a device by which we get the electrons of known velocity in the form
OTa finc beam. This beam of electrons is directed in a high vacuum and made to strike

a Nickel target T, which i is capable of rotation about an axis parallel to the axis of the
mcudcnt becam.

+ +
L1 lH'T‘.I
ol B o
Gy Ni Target
i L g_F__l_‘t_“I.?:_iz-“ ol T ~ . Circular scale
o 7T
Electron gun
Faraday .
C cylindler
Galvanometer
A
Gal

Fig. 1.5.
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rectrony are seatterad i all directions by the atoms of the Ni erystal, The
YT e election beam seattered in a particular divection is measured by

v ea iYW . n . ™ HE T ol M

feR it it enter e Faraday eylinder, known as collector C, This is connected 10

E 3\ W)

Sae sahvanemeter and ix capable of rotation on a praduated circular scale § and
:‘ﬁ--'\fu .-

|

. . \ \ . \]
o raceive the retlected electrons in all divections ranging between angles 200
| is. F b
;E "\“_ .'\1? . . . . . l' N
""H.. fav eylinder s surrounded by a protecting eylinder to which a retar ing
i) :ﬁlu.\l W mue-tenths of the aceelerating potential is applied so that only the
\L\.:."' b . A 5 . _— y
St clavirons possessing nearly the incident velocity but not the secondary slow
M LA ‘-n . - \ y =
tf“:,,.\:,\- produced by collisions with atoms, may enter the cylinder and hence be
RNTRNY ;

B e

I was observed by Davisson and Germer that there is selective reflection of
ehvtron {rom the Ni erystal, depending on the velocity of the incident electrons. If
the wlovity of the electrons is gradually increased keeping the source and chamber

fivad. 1t 18 observed that the distribution of number of electrons reaching the collector
follows the curve as shown in Fig. (1.6).

This selective reflection of the
Cclxtron beam from the  erystal
- comresponded accurately 10
. diffraction maxima that would be
- expected in the diffraction of Xerays
- (whose wavelengths correspond to
the equivalent de-Broglie wavelength
- asociated with the moving electron)
. by the same crystal, If the electrons
. & assumed simple corpuscles, it is
. impassible 10 explain these selective § A0 48 gy Be
. reflections at given velocities. On the
. Other hand, if it is assumed ghnl‘ Woltx 11

tlectrons have waves associated with Fig. 1.6.
:;_ them, with wave-length varying with !
- Velecity in accordance with de
. xplained using Bragg's law

2dsin 8 = nAd

* “here 1 is the order of diffraction pattern and d is the dist
. 310ms of the nickel crystal and 4 the de
¢ W the incident electron beam.

Itis therefore
L Orage’s [aw.
i cceleryeq
s diffmctian
- 0%ams i
3 SPacing of

Galvanometer
reading —>

-Broglie expression, the selective reflection can be

«(1.34)

ance between the rows of
-Broglie wavelength of the wave associated

possible to calculate the effectiv
It was observed by

by a potential of 5

¢ wavelength of electrons using
Davisson and Germer that when an electron beam
4 V was directed upon a Nickel target,a sharp
maxima appeared in the electron currents. The incident and the scattered
his case make an angle of 65° with the family of Bragg’s planes. The
planes in this family which can be determined by X-rays diffraction is 0.91
*TTom the above Bragg's eqn. (1.34), taking n — 1, we have

2% 091 A x sin 65° =14
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(b) G.P. Thomson Experiment : .
The experimental arrangement of G.P. Thomson is shown in Fig. 1.7 (a). The

electrons are produced by passing a current through a filament F and are accelerated

by a potential difference ranging from 10,000 to 60,000 volts between anode 4

" cathode C. The apparatus is cvacuated to avoid collosion of clectrons with the
molecules of the gas. A fine beam of electron is obtained by passing the electrons
through a fine hole in a metal block B. The electron beam now, falls on a thin gold foil

‘G’ of thickness of the order of 1076 ¢m. The diffracted beam is allowed to fall ona

. fluorescent screen S or on a photographic plate P. The photograph of the diffracted
~ ‘beam has a system of concentric rings (Sce Fig. 1.7 b), similar to that produced by

" X-ray diffraction in the powdered crystal method.

o] - Vacuum pump p

._/_ £ : SR Siiis, ,
: 3- NN R, ] -;;_:_‘:.'.'_1.5 ..... Al
P —

Fig.1.7.(a) " 'Fig.1.7.()

‘Calculation of A from Radii of the Rings 5 Rk
Let A B be the incident beam passing through the gold foil at B. The diffracted beam' |
fa.lls at the point E on the screen at a distance r from the central spot C, as shownin |
F-lg. 1.8. Suppose distance of the film from screen is D and @ is the angle of
diffraction. ' o ' ' M

From Fig. 1.8 we have

4

tan O = ——
D
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Since s very small we can write

E
tan @ = 0= — {r
Thus measuring the radii of the ring s - ) ‘C
and the distance between the film and A B D g
photographic plate, the angle of
diffraction & can be measured. Further,

from Bragg’s diffraction relation we

Fig. 1.8.
have

()

2d sin 6 = nA

where d is the distance between atomic planes and n is the order of spectrum. For
small & we have —

sin l.‘:T'E0=ﬂ

2d
 Knowing d and the value of & ‘obtained from above, the wavelength of the
diffracted beam can be calculated. The experimental value of A computed from this
pattern was found to be the same as the theoretical value calculated from de-Broglie
relation. Thus, the experiment clearly demonstrates the: wave nature of electron as
diffraction pattern can only be produced by waves. _

We further note that in the same experiment electron showed wave aspect in one
part of the experiment and the particle aspects in the other parr. In the acceleration
Process and in the detector it behaves like a particle while in the diffraction process it
behaves like a wave. The dual aspects of material particles are thus required for a
complete description of a physical phenomenon. The diffraction experiments with

beams of proton, deutrons and other charged particles have also been performed, and
all of them establish the validity of the de-Broglie relation. _



F 1. GROUP VELOCITY

VThe velocity with which the centre of mass of wave packet moves-is called group
velocity or the group, velocity may be defined as the velocity with which the centre gf
mass of slowly varying envelope or packet formed due to a group of waves moves In

a medium.
The significance of the group velocity lies in the fact that this is the velocity with

which the energy in the wave group is transmitted.

Expression for Group Velocity
Consider a group of waves consisting of only two wave trains of equal amplitudes,

but having slightly different frequencies and phase velocities so that they can be
represented by the equations ;

¥ =acos (@ t -k x) _ ..(1.42)
and ) Wr =acos (Wyt—kyx) : L(1.43)

C{)l 5 aj')' . . s
where . and i represent their respective phase velocities and y, and vy, are
i 2 :

displacement of (wo waves.
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.
=2xvand k = "—:- (Propagation contant)
as

-Q = VA m Phasc vclumy OF WAVE scluuty

o,
et §
We assume that _lL ’ L Le  itis a disperuve medium

The resultant amplitude of the wave may be obtained by sdding eqns (1.42) and

b (14)) 1e,

Vey e vjt:a(‘ﬂi(lﬂll—l,l}*dttl‘(ﬂl‘l‘*lzli

. k. ¥k, )
= 2“{1\‘ {-!Tl..z__‘i{z_l.._{_l%_a_'k x

B {{ 1’1_-_;__‘23} (.*_1..:_?1)1} 1) 44)

-
W, + L +k,
Let —-a_i_..lgm J--—_l..._[_

@ ~ay e Adw k-4, wAl
Therefore egn. (1.44) can he whitien as

v-!am(-‘l‘ﬂr—-“-;—:)cm(u-ln ~(1.4%)

From the shove equation of resultant wave it is clear that it consists of two panty:
(i) one is 2 wave of frequency a Propagation convant & and velocity

= 2
v, = -i:-:- (phase velocity or wave velocity ) and wave k‘:ugxh L

() another is a wave of frequency -é;'—"f « Propagation constant -é:—- and velocity

i
Aw
r" —

M "~

Thus y consists of wave of the fira type and a v
frequency -&-29-’- and propagation constant -f‘-;‘t- - While the envelope of the wave paciet

ith the group velocity P the individual waves of the
called phase velocity or wave velocity as eaplained

ove 14 an 16, I iy the wave group thal carries the encrgy and what we m,,. :
Sperimentally iy the group velocily. ) i

cry slow moving envelope of

(dotied ling in Fig. L1l moves w
packet travels with velocity r,

since @w=2x vand k =2 wl so %o | I k‘

2z mv oy
" "L)El:\ "‘{—‘r)a
i AR T
. g




'1.9': UNCERTAINTY PRINCIPLE
In classical mechanics a moving particle has a definite momentum and occupies
definite position in space and it is possible to specify precisely both its position and
velocity (or momentum) simultancously. In other words the motion of a classical
particle is described by a sharply defined trajectory. During the early century it has
become apparent that the classical point of view represents an approximation which
is adequate for the objects of appreciable (or macro) size but does not describe
satisfactorily the behaviour of the particles of atomic (or micro) dimensions.

The behaviour of particles of -atomic dimensions is described on the basis of
quantum mechanics, where a particle is represented by a wave packet which moves
with group velocity. By the probablllty interpretation* the particle is likely to be found
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2 FUNDAMENTALS OF PHYSICS

back to the ground state by emitting-a photon of radiation of energy equal to the
difference of energy of the two states involved in the transition. If At is the time, il
remains in this excited state, then At will gwe the error in the measurement of time.

h i.
Then lhe error in the measurement of energy cannot be less than AE = _ZE Thus E

there will be always an error in the measurement of the energy of the photon. The
uncertainty principle in a sense thus sets a limit to the precision with which certain
pairs of canonical conjugate physical dynamlcal variable (in the classical sense), can
be defined simultancously. However, there is no theoretlcal limit on the accuracy

The exact statement of uncertainty principle i is: ¥

,/ The product of the uncertainties in dererm:mng ‘the position and momentum of a i
particle simultaneously can never be less r}mn that of the order of h/2.




LN FUNDAMENTALS OF Prysics

1.10. EXPERIMENTAL VERIFICATION OF UNCERTAINTY ‘_._
PRINCIPLE (THOUGHT EXPERIMENT) 1

The validity of uncertainty principle may be illustrated very well by the iollnwing 1

hy pnthctu al or thought experiments.
_,—a'l’llt-iwulw t's gamma ray microscope:

the measurements of the position and mome : _
Heisenberg proposed an experiment known as Heiscnberg’s gamma ray microscope, ; ,

and the momentum of electron, a high powered }‘ra 1
as shown in Fig. (1.15), §

To evaluate the order of limitations i, §
ntum of an electron or a photop, ¢ :

To measure both the position
microscope is set up with a suitable lighting arrangement

Eye
\ (Microscope)

Incident Photon

N
2=

Momentum hvic

Fig. 1.13.

As the photons from the source S collide with the electrons, some of these bouncc ]
(or scattered) into the microscope and enable the observer to see the electron and
thus to find out both the position and momentum of the electron at some instant uf i
time. According to classical mcchanics, the observer should be able to find out the’
exact position and momentum of the electrons simultaneously. There are howevcl"
two fundamental limitations to such an experiment:

(1) Limitation in determining the position of electron. Accordlng to opthﬂ_'
theory, the resolving power of the objective lens of the mtcroscope depends upon lhf*'
wavelength of light used to illuminate the electron and is given by

}l
2s5in@
where Ax-= minimum distance between two points in the field of view a\mJ

can be distinguished as separate (i.e. minimum distinct mcﬁsu‘. .
able distance) :

A = wavelength of scattered photon

6= semi-vertical angle of the cone (angular aperlurc is ”9) of llght |
coming from the illuminated electron.

'.J

Ax-=
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aosition of the electron changes by less than Ax the microscope will
s 1! “"‘ {;Nn-; it. To make Av very small, radiation of very short wavelength
ot 1 ahle ,“.'. or gamma rays should be used. Thus Ax will be the smallest error or
ah 4 A ”3: the :ﬁm.mrrrnrm of the position of the electron.
"""r”‘mml: Jtion in mensurement of momentum. In the process of determining
w I'h“.,:u.m of the electron, the interaction of an  electron  with
(he ":;:::;n will result in the change of momentum of the clectron because of its
t.':fﬂlu_‘nmplun cllect). '
mq.;p]‘““ at any instant, the electron was observed near the point O. It means that
al ip,]d one photon clnming fr.nm light source gets sculllc_rcd by the electron ir}tu Ehc
microscope causing it to recoil, llt\\\'Fvcr. because of finite aperture of the objective
lens the clectron must be scattered within the angle 26 so that it could be scen by the
microscope. Henee the precise direction in which the clectron is scattered into the
lens is not known. Now the momentum transferred from the photon to the clectron

(and hence that of the photon) along the x-axis (i.e. perpendicular to the axis of the
microscope) can be calculated by Compton effect as under.

AV e s Gl o
Leta photon of momentum — strikes an clectron initially at rest, so that its initial
c

momentum is zero. The striking photon transfers a momentum mo to the electron and

scaltes into microscope. Referring to Fig. (1.14), according to principle of
conservation of momentum along x-axis, we have

hv hv'
— = —— ¢0$ @+ mv cos f
c o
Momentum hvic electron

----------------------------

Incident photon hy

Fig. 1.14.

o ponent of momentum along x-axi :
's given by g x-axis transferred by th

¢ photon to an electron

- hv  hy'

Py =mvcos f= — —"_ (os o
c c

h

= ? (v—v'cos a) %
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As the hmuts of angle ainside the micrascope are clearly from (90 — 0) 1o
U+ €), se the spread in the X-eomponent of momentum will be given by

KL (V=" cos (90° - 0)) <p, S 4 (v - v’ cos (90" +0))

¢ c
QT ﬂ{;-q;»’sitle) Spr5£[V+1"Sin9}

¢ 8

Thues yocertatnty in momentumn is aiven by

,

-f‘-{ v+ v sin @) - -fil V= v'sin 0)
C SR & '

h 5
=2—v'sin@
i

2k .

=-—sin® (1.57) 3%

“ogns (1538) and (157 nm contrary to each other, because if we try to improve . |

S meusurement of the electrons position by decreasing A and incrcasing 8, we doit

St of the accuracy in the measurement of momentum and vice-versa. 3
- Mitipiving eqns. (1.56) and (1.57), we have -

7 A 2hsin@
Ax _Jp P =
T 28n8 —A--

E sores tha: the product of the uncertainty of the x-component of momentum of
Qe electon and the uncertainty in its position along x-axis is of the order of Planck’s
comsant & which is greater than 4/2 i.e. in this case, we have Ax Ap, > h/2.

Flzree this experiment shows that the result is in agreement with the validity of

Erisesferz’s uncemainiy princi ple.

s
13
'R
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1.16. EXAMPLE OF TIME-ENERGY UNCERTAINTY

_N_lt?lig_{x‘g[ a_onc dimensional wave packet provides an example of time-cnergy

uncertainty. Suppose that the wave packet occupices a region of order Ax and let the
group velocity be . The wave packet thus travels with velocity v along the
x-axis. However the instant at which it passcs a given point of the axis is nol
determined precisely but has an uncertainty

Ar = Av (1.61)

O

Now. if the waye packet is localized to a region Ax, then the spread in the
momentum Ap will be given by

or Av = — , (1.62)

Putting this in eqn. (1.61), we get

AI = _i._.l_

Ap v
o - vVAtAp =h

2
‘But -AE=£Ap=vAp' E=£—]
. op 5 2m
| AE At =h | R
This relation indicates that if AE is the spread in the energy of a particle then the

uncertainty in time at an instant of passage of the particle through a point w

ill be given
by

AE

ot L

A (ot

AR PIRIER S L TEE R FE TSNS
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(iii) The radius of the Bohr’s first-orbit (or radius n!' ll'w l}}'llmgen Aatom jp
the ground state), Suppose Ax and Ap present the uncertainties in the position apg
momentum of the electron, respectively in the first orbit. According to uncertainty
principle, we have

3 Ax Ap =

or . &pw—f—
-Ax

The uncertainty in the K.E. of the electron may be put as

AT = % m (Av')?

. (mAv)?
2 m
_1 G
= 2 m
1 (_h_)’
2m \ Ax
h2
 2m (Ax)?
The uncertainty in the PE. of the electron is
AV = _-Z.i._
_ Ax
<.~ The uncertainty in the total energy of the électron is
AE = AT+ AV
& h? = Ze®
2m(Ax)® Ax e
The uncertainty in the energy will be minimum if
d(AE 2(AE
LiaB), =0 and d"(AE) =+ ve
d(Ax) d(Ax)?
Eqn. (1.63) yiclds
dAE) Wz
d(Ax) m(Ax)? (Ax)? e - (LG
For E to be minimum, we must have
0 = = hz Zez

m(Av)? (Ax)?
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h’ . Zét
o m(Ax)’ x (Ax)?
_ n’
o e mZe® (1.6%)
pifferentiating eqn. (1.64), we have
d(AE) 3t 2zt
d(-‘.\r)z m(At)" (At)-‘
3’ 27e° 2
= 5 - Ze : (... Av = __{l_‘_)
m{Ar)’[_h._.) (Av) mze”
= mZe’

L AFet CoZet Ze
(Av)'  (Ax)'  (Av)?
= (+) ve. .
As eqn. (1.65) represents the condition that the electron has minimum energy

which means that the electron is in the first orbit of hydrogen atom (i.e. in the ground
state) hence the radius of the first orbit is given by

h? ___ . h?
mZe®  4mimZe*
which is the same as the radius of Bohr's first-orbil.

r=Ax =

(1.66)

bty i 2

———— = =
. g S s >
i | . o e g -

=

e S

e i—————



SCHRODINGER Wave EquaTioN

/.2/1 TIME-DEPENDENT SCHRODINGER EQUATION

| In this section we would obtain a differential equation, the solution of which descnbe& :
(he behaviour of a particle like electron, proton etc. at certain instant of time f. The
solution should describe the wave like behaviour of the particle and also be consistent -
with uncertainty principle. We assume that the trajectory of a particle should be
described by a wave function y (x, 1) whose magnitude is large in regions where the
pmbabﬂny of the occurrence of the particle is large, in other region where the pamc,le
is less likely to be found the magnitude of y is small. Thus for detailed study of -
systems we require the equation of motion for  (x, 1) which was formulated by
Erwin Schrodinger in 1926. Schrodmger equation is a fundamenta] one in quantum

rn-.chamsm as Ne\vtwgn—l&m-classmmm

One dimensional equatwn Jor a free particle

Let us consider a non-relativistic free particle of mass m, velocity v, momentum p:

and energy E is moving along x-axis. By term free particle, it means that no forces are
acting on it and its total energy E is entlrely kinetic.

1 PR TR e
= — miv? i mv 2.1
2 2m ( -) 2m~ = )
The moving particle is asscciated with de-Broglie waves of wave]englh A and
frequ- 'ney v,

Replacing p, by hk and E by hoi in-eqn. (2. 1), we get

i 12
a =

L i (2:2)
Pl
We know that the wave function of a localized {ree particle is expressed by lhe

Wave packet (eqn. (1.39)). Substituting the value of @ from eqn. (2.2), the wave
Packet for the free-particle can be expressed as

1 .7 hk> |
= -t | dk 2.3
y(x, t) = ‘ 27r_J; (L)exp{x(kx = r:‘ (2.3)

leferenuatmg W (x, 1) with respect to £, we get

oy 1-(_ ih ( - hk*
T ?_m)LL A(A)pr[ k= rﬂd&

~m



SCHRODINGER WAVE EQUATION 7

. TIMEINDEPENDENT OR STATIONARY (STEADY) STATE
2% FORM OF SCHRODINGER WAVE EQUATION

whenthe Hamilignian (® tehtial energy V (r, 1)) does not depend explicitly on time

andis @ functio H’Of . on’ly and the total energy E is constant then general solution of

: " Nooar 3
Schmdingc\rc P‘\S./Si) for the wave function ¥ (r, ) can be written as the product

-

4% . -+ . -
o 1WO scpar/alt? function u(r), a function only of r and f (1), a function only of 1, i.e.
W) =u () L)
or briefly v =uf
From this one gets,

Vy=fVu,

Viy=fViu
d 4 al,f/ — af
o - ot ot

Eqn (1.81) now becomes
P | .
ihu S = ——h—fV2u+Vfu
st ot Zm s .
Dividing this equation by the product u f, we have

ﬂ.@:. =.1_[-———h2 Ve H+VH]
f ot u| 2m

Since the L.H.S. of this equation is a function of 7 only while the RHS.isa

- ; ' ] .
function of r only, hence both sides must be equal to the same constant, which we
call E. Then the equation for 'f " is -

’/' ‘ - f « dt
- Ilr -
" LIL - ;1?_ dt
i f h
Integrating this gives
logf s _.{f-r+constanl
1
or f (0 =f(0)exp ["'ff']

‘. Where £ (0) in an arbitrary constant. The cquation for u becomes

" 2
/ “l_\i‘—-—h Viu+V u:\ =E
ui{ 2m
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i 2 (
! or -j—Vz-PV u=Eun '2-}91
2m
which is homogencous equation in . Now the solution y(r, t) c3n be wiritten a4
EE \
-+ - A -
w(r,t) =u (r)e ‘:1 “;(!2.1%

The constant Sf(0) appearing with f(z) may be -C.hOSE:n IEJ norniaﬁse u. For tha
solution (1.85) one can see that the position probability density €

P(r, 1) =y (r, O = lu ()P
is independent of time. Equation (1.84) can be written as
Hu (1) = Eu (1)
Wwhere u () is an eigen function. Normally we represent an eigen function by tha

symbol W(;), replacing u(;) by y/(:) in the above equation we have.
Hy (1) = By (7) (2.21)

2

2 5 :
where H = -—2——V2 +V(r) is the Hamiltonian operator and Fis a number. Equation
m

(2.21) is known as time-independent Schrodinger equation.

2.3. EIGEN VALUES AND EIGEN FUNCTIONS

In the time-indepenc!em Schrqdiqu(_equatioﬁ

. H'W_(r? =“E~y',(’_.) - v
the Hamiltonian operator i ‘operating on the wave func

tion ¥ (r) gives a constant £
multiplied by the same wave function y (). (An

ati Iype wherein an
,werating on a function gives g constant and the same function 1s cated
~eigen value equation)In the above equmﬁei—gfmﬁh;
ﬁs‘mﬂmw—)mcs on yand the constant E multiplying yon the right hand side
is called the corresponding eigen value of the operator H. A state with a welldefmed
energy E has a wavefunction of the form (2.20). The solution of ﬁﬁxe-indcpendl'gl
Schrodinger equation can be obtained if the explicit form of (he potential V(5 1s
known. It is found that in general a system has a set of well-defined energy states £,,

fora'= 1,2, 3, ... with corresponding wave function V,(r). Including the time
dependent part, the wave function of the syste -

m is

- rr
Va0 = ) enp [~ LB
s h
' =¥, (r, 0) exp [—-——-' f"t] (2.22)
: I
The probability density P (r, 1) is then given by

P(rt) =y, (r, nP =y, (r._O)I"' = constant in time
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2, 3, ... The states for which robahil; s 3
'hfr" n= l. -1 pct A _H-'[l—_hb'l"h“'ly"‘d‘cnﬁ—‘-ly'i_cpﬂstanlin_ﬁmc are

.4 Jationary states. The time-dependeny factor exp
ke

i Ed
—T of such states are
ed by the energy E, of the particle,

S""FC““ eqn. (?...”.2), we have
I g
Pyt b g’ S _IEm E
2 (158 o 2
L AW, (r) 0
o m' naf =J_¥i,1_(rﬁ) (2.23)

This equation is also an cigenvalue equation with w,(r, 1) as the eigc'nfunction of

Ll o2 ;
he operator 1 ?:—a—r with the same eigenvalye E,. as before. This is to be expected as

. O
both operators H and ih 5 are energy operators.

Similarly, momentum operator

' P operating on the plane wave function exp
[i(kx- w1)] gives

(2.24)
AN

This is again an eigenvalue equation with exp [i(kx-

the operator p with the cigenvalue ik, Hence hk is called
wave, : ! '

‘. pet kx=an. _ (__m_éa_] g x=00 _ (ppy pithe=wn)

ax)] as the eigenfunction of
the momentum of the plane

24 PHYSICAL SIGNIFICANCE OF WAVE FUNCTION y

Thé wave function y/(;, 1)* which is a solution of the Schrodinger equation (2.17) is
&sumed to provide a quantum mechanical description of the behaviour of a particle

——

'L We have assumed previously that the wave associated with a particle in motion may be repre-
- sented g any instant ¢ by a complex function y/(r, 1) that is a measure of probability of finding
- - * H
the particle at a given position r. A complex quantity may be expressed as

@ : .
W(r.n=a+ip where aand bare real and imn_g_inary parts of yand are functions of the variables

(rnandi=J—7 .

¢ complex conjugate of yi.e, y* is given by

uﬂ (-;- ) =a- ib
R g
wrpe(ra sat+ b (or==1)
The product on the left hand side of the above equation is denoted by -

' P70 =g (ool

+ s L 3
=1 (f'r)l—ﬂz"'b
P(r.n 4 Contd...
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osition. In atfier words, 20y mezningty) asemion o
izt posstion. In eaher words, 2oy LN Ul gusition dbogl
the result of an experiment performed upon the ¥3tem czn be amsvered if the wag
function v is known. A pond zgreement Wit the experimens®regun “nd the
corresponding calculated result with 2 ziven form f:';f Mructure; f':‘:" the wave f o
Is 2 measure of the comrectness (o goodness) of the wave function while the poge
agreement between the two results is nesely zn indication of 1% fam that the pf en
form (or structare ) of the wave function is inzpproprize (or not gud) znd henee
1o be suitzbly modifizd for its goodness. Hence the wcess of zny mindel 1
formulation) is Judged by the Gegree of 2greement between the Sxpenimeniz] value 2 d
comresponding caiculated

value based on the |

o (or struciure) of (he »
function obtain=d from the mode] theory -
The wave function Vir, 1y however has no Physical existznce a3 it czn bz compi
It cannot be take

N 2s z direct measurs of the probability 21 (r, 1) since the p:ro&rdx
is real and positive. The statistical interpreration of wave funciion y (7, 1) was
Suggested by Max Bom in 1926. H- intzrpreted  the product
Yv(r, 1) and its complex conjugate 1 25 (ke position probzbility Censity Plr, g - :

Vinyviny=ly, ot (2.25)4
elemznt of volume dV defineg by the coordinames|
(r.,r=d7). then the probability of finding

- “» - - -
surrounding the point r at time L1s given by

-

Fr.n=
Thus if we considar a smal]

& i

the paniclz in the volume tlemem dV,

Pir.odV =ty (r. i gy

When eqn. (1.92) i integrated oy

e the entire space op
probability, which is unity. Therefore

¢ should ger lhcfin[
(g

Jy i av =

12

us 1s equal 1o unity. | 3
whose modulus iseqlmwmajtym:aiscaﬂ:dﬂrphar 73

In case. this factor is of the form ¢

of the wave function. Introduction of such 2 factor with the wave function —————
value of any physically observahls quastity since the calculation of such 2 value iavolves pand
its complex conjugate p*.

0y
(2
i



s

SCURODINGER Wavn LEouanon

B3
2.5. NORMALISATION OF WAVE FUNCTION

' =% ; ! 2 . g O '
e have 8¢ it the qu 4 A”dV represents the probability of finding
: p.lr"Clc i wyenvolumeclement d V,

n physw‘ul .pmhlcn)s, WC come across situations where the particle is bound by
{orces to a limited;region. For example the eleetron in an atom may be held close 1o
(he nucleus by cldetrostatic fg i by v B = "

rees-ofattraction, the _particle may be confined to a box

L o .
W“—Mﬂulc. In such cases the particle is certainly to be found

Somc\vhﬁjﬂﬂw&‘_ﬂnd hence The probabil

' q pr ity of finding the particle in the space
will be TCPTCMMWMHMWMMHUMCMQ so that the total

probability of finding the particle in the_ the space considered |
prsz.xuuq'. This may be written mathematically as

: N .

[P dv=[ v G (7, av

=[ly@ o av=1
where V is the volume of whole space.

(2.28)
In cqn. (2.28) the integration extends over
entire (or whole) space in which the particle is confined to move by constraining
forces.

A wave function which satisfies eqn. (2.28) is said to be normalized to unity (or
bricfly normalised). This equation is also referred to as normalisation condition for the

wave funttion W(:, n.

Generally, yis not a normalized wave function but lhc,[ | y/(:, n1*dv’is finite for

e
w(r, 1) to represent a wave packet (in general for ¥ to represent a bound state). Wis
insuch a case multiplied by a numerical constant A to give a new function A 5o that
A y(used in place of ¥) satisfies the normalisation condition (2.28). Then it can be

seen that the new wave function A yis also a solution of the wave eqn. (2.21). The
numerical constant A is evaluated by using the following condition

e JAw*Awdxdydz =1
or - AP yy*dxdydz =1 " (2.29)
- 1
. & AP =
or 2y 2 ; lw*dxdydz

!

where A is termed as normalisation constant, It should be noted that for a plane wave

function ¢! ¥7-@) (he integral (2.28) over infinite volume is not finite. The
normalisation of such a wave function requires special consideration.

—

* Incartesian coordinates d V= dx dy dz. If wis givenin polar coordinates, then one should wrilcl d }’
=7 drsin 646 d¢ where the limits of integration for @is 0 to m, ¢is 0 to 2rand the r limit
depends on the nature of the physical system (like 0 to ea, —co 10 0 or — e to =)

T e T e T
. -

. —— YT
s
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~2:6. ORTHOGONALITY OF WAVE FUNCTIONS
v CORRESPONDING TO DIFFERENT ENERGY LEVELS

We shall prove the cigenfunctions or wave functions corrcspondlng_mg;_f_[_c_rgl[_
eigenvalues are orthogonal and all cigenvalucs are real. ' E
It two wave functions y,, and ¥, belonging to different eigenvalues are such that
the integra ' =
*8”1 fw* y, dv fok shes over entire space for m # n i
Vi w,dVor ] yx y, vws cs ove g a ‘i‘."

WL :_.

W\
i.e. Iy,,, !;/,,rN—()any v er() orm#En

ﬂl

then the wave functions y;, and y, are said to be orthonormal to each other. !

Proof: Suppose y,, and y;, are different solutions of the Schrodinger eqn. (2. 21)

corresponding to cigenvalues £, and E, ru.%pt.ulw.ly, then we have —*

V2, + Mm"W%ﬂ (2.30) 4

and Vg 4 %'. (E;=V) w. =0 - = (@231
l ni

The complex conjugate of eqn. (2.30) may be put as follows (assuming V to be
rcal)

L P (AL ';{i.i
Vz'}’m + _122 Er}-V)y*=0 - . 1 (2.32) \

Multiplying cqns (2.3i) by ¥,* and (2.32) by y,, we get

Vot V2, + 2’" = (E,~V) y,* 4, =0 2.33) |
and v, Vi 4 -?—'-5'- (ES*=V)y*y, = (2.34) 1
Subtracting cqn. (2.34) from eqn. (2.33), we get B
2 | g
Wm* Vng W Vz'f”m' + = m (C Em*) Wm* Va= (2.“35}.‘ :
Intcgrating above equation over lhc spacc co-ordinates, we get

W ey* V2= v, V2, av 4 m E-E2 [y yav = 0
It is possible to transform the first mlc;,ral (which is

surface integral with bounding surface at infinity by using
This gives

the volume lnlcgral) toa
Gauss divergence thcorem,

Il,g W * V= 0, Vi, %), dS + -2—"'-(5 E,) Il y* ydv =0

»
where the subscript 12, denotes the component of the vector within the barcket, in the \
direction of the nutward normal to the element of the area dS,

As ,, and 7, vanish at the bounding surface at infinity,

the first term i.e. surface
integral becomes equal to zero and we g(,t
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(E! = E:ﬂ*) Llj . V.dV =0 P
nem Ty*v,dv=0 @S E = F )

(2.36)
e the two wave functions 7, and V. having this property are said to be
\. gonal. 3
cﬂ?(‘]} n=m,We }{a\'e A Vi dV = Lif ¢sare n

ormalised to unit
e sEY This prgn'es that all the eigenvalues mus
i

b ¥ Which implies
[ 0¢ real,
0 ,ﬂlanﬂm"f Functions

¢ set of wave functions which are orthogonal and also normalised are called
T:hononnnl set of wave functions (or complete s¢
0 :

t of wave functions).
17/p OPERATOR

An operator is defined as the one when o

perating on any given function results in a
e —————
mmwm

: 8(x) =4 f(x) (.37
the operator A, operating on_

‘ £(x) g&ulhtdﬁe_@ﬂ!_fgﬂﬂi_on g (x). So, in
B =Af@ =R |

(2.38)
the operator A sdpiares the function f (x). The operator A differentiates the function
fix) witedespect to x if

g (x) =Af(x)=—}f(x)
X
Similarly, in

8 =Af®=xf(x) (2:39)
x is an operator. menm an o

perator as it does not change the
functional form of the function. An operator is

. Q—___-_-'-—-___
relation

said to be linear if it satisfies the

NAlc f,(f) +6f ()] =cA filx) + ¢ A fi(x)

(2.40)
¢y and ¢, are constants. The sum and difference of operators A and B are
defifi-d by
AtB)f(x) =A F(X)EBf(x) (2.41)
0.addition the operators show following properties:
() Addition is commutatiye
. A+B =B+A (2.42)
(id) Addition in associative:

A+B)+C=A +(B + Q)
({ii) Multipi;

(2.43)
Plication is associative: ;

AB+0f(x) =(AB+AC)f (x) (2.44)
Commutator of operators A and B, denoted by
(A, B], s defined as

- (v

[A,B) =AB-BA (2.45)
"t follows that™

[A,B] =B, A) (2.46)

et

A p—

e i
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The operators A and B are said to commute if A B = BA, i.e. |A, B].= 0. Similarly,
the operators A and B are said to anticommute if A 8 + BA = 0. The anticommutator of 3
A with B is usually denoted by [A, B],.

As an cxample of commutator, consider the npcralnrs x and (d/dx). Thc ._
commutator is an operator when operating on function f (x) gives, ,

ar'  d . . i
: = y=—=——-— (X} 3
l: dx } f‘( o dy  dx (e .
il il
dx = dx dx
Hence ‘ o
[.r.‘—’] o [-‘-’-, .r] " (2.47)
dx e Lidx
Here the function f has been taken as unity.
_DObservable - - -

¢A quantity obtained by the process of observation or measurement on a physica
system is known as an observable. The result of the measurement of an observable in
“asystem is expressed by a number. An observable is always a real entity because iti
the result of actual measurement. o~ __
The act of measurement on a physical system disturbs it. Thus the value of an
observable depends on the interaction between the system and the measuring devic
and is thus spread around some mcan value. The value of an observable in general
-depends on time. Tims is thus a universal parameter and not itself an observable. I
the value of an obscrvable does not change with time, it is a constant of the system
Physical constants such as rest mass and chargc of the eleclron proton etc bclongt
this category of observables.

In classical mechanics it is assumed that:

(i) The process of measurement does not disturb the system. :
(ii) All the observables of a system are characlcnsncs of the system lrre5p¢ctwc .j

S
=

of the measuring device. a5
(i) Different observable of the system can be’ measured with maximum ar.;,y- ’.
racy. .

In Quanlum mechamcs

suring dewce |
(if) Simultaneous measurement of conjugate variables such as position momen- -
tum, time and energy have a fundamental error of measurement gwcn by
Heisenberg’s uncertainty principle. - (e 3
(iif) Observeable like position co-ordinates, components of linear momcntum., y
the total energy have the same physical meaning as in classical mcchanlcS‘ ,
while observable like spin, symmetry etc. have no ‘equivalent in classical * \
mechanics.



| @KONE DIMENSIONAL LINEAR HARMONIC OSCILLATOR

One dimensional oscillator is one of the most important examples of the dynamical
system, the applications of which appear in various branches of Physics. For
example, it forms the basis of the theory of radiation, the quantization of lattice
vibrations etc. and it also illustrates the basic features of a quanium sysiem.

The motion of a point mass attracted to a fixed centre by a force that is proportional
to the displacement from the centre, constitute linear harmonic oscillator. A particle
undergoing S.H.M. is a typical example of linear harmonic oscillator. Thus for hnear
harmonic oscillater, the force is represented by

F =«=kx
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d'y  2m I y?]
2
d}‘z ' [ 2 a?

or

dy [2mE 1| km 1 2],
dy* +[ h? -az_hz-a“y y=0

Comparison of egn. (2.64) with eqn. (2.63) gives
o = %"2_ and A2

_2mE 1 _ 2mE
)— B2 og? A2

2

(264
LS
= _Z_F:(ﬂ)‘” aE
R\k) " ho

..(2.65)




MW wwaEm— —m— == — - -

Eigenvalues of Harmonic Oscillator _ oy
As we have seen above that in‘order to have a satisfactory wave function, the power
series (2.74) must terminate at some value of r. This can be achieved if the cocfficient
a,is zero; so that the subsequent coefficients @, ,,, a4 -+ etc. are identically equal to
zero. Thus the numerator in the recursion formula (2.78) would be equal to zero i.e.

25 D2FHFTEATE 0578 S0 bt Lty 4 Sun iAokl =
g SR R ey Y o P T (2:80)
For - ; gz 0,.we have,.: e Ay s
L A=2rell s
For s =1, we have -
2 A=2r+3

Thus eqn. (2.80) may be written ir;.a more general way to cover both cases (s =0,
s=1)in terms of a quantum-number n.

“A =2+ Twheren=0,1,2 2 ~(2.81)
or S (2n+1)=—= ‘ (using eqn. (2.65) for A)
Qreat ¥ E = h(z)(n+%)m X g : _ ..(2.82)

Quantisation of Energy

Thus the allowed integral values of n lead to certain discrete values of energy (ie.
quantised) given by eqn. (2.82) known as eigenvalues of harmonic oscillator. These

:ig#nvalués (encrg)} lt;vcls).are %h m.% hw.%ﬁm... which are equally separated by
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h (characteristics of harmonic oscillations) and quantised. These energy levels are
shown in Fig. 2.1. The parabola is duc to potential energy of the particle.

/ Po‘m“a:“z
V=12
Eg = 11l2hv \ I
I
i / [
E \ / |
\ ] Excited |
\ ] slates |
\  A—
E, = 5/2hv \ L ln=2
S A\ /f?./e oint energ; A=ty ™o
Eg = 12hv N o Zgenap n=0 %
—_—X : }

Fig. 2.1. Energy levels of Harmonic Oscillator.

Zero Point Energy and its Significance

is (putting n = 0 in eqn. 2.82),
By & _1_ ho | _ _ -(2.83)

This is called zero point energy. This result is different from old quantum theory, :
according to which E, = nhw i.e. the encrgy levels are equally separated by ha, in ¢
agreement with the cncrgy separation in the present case but the oscillator has zero
energy for ground state (n = 0).

A comparison of this result, with the result E, = nhw obtained by old quamum,-:,
theory, shows that the only difference is that all thc equally spaced energy levels are

shifted upward by an amount equal to half the separation of energy levels i.e. -i—fm}.;f

Thus it is clear that even in the lowest state, the harmonic oscillator has energy
greater than that it would have if it were atrest in the equilibrium position. Associated:
with the minimum energy state is the ‘zero point motion’ of the particle i.e. the &
particle does not cease motion about the origin but remains spread out. Furthermore
the existence of zero point energy is in agreement with experiment and is!
characteristics of quantum mechanics and is related to uncertainty principle. 3

It follows from eqns. (2.82) and (2.78) that n is the highest value of s + rin the
series (2.74) for H (v). If we denote the polynomial corresponding to n by H,(y), we |
see that H, is of order nin y and is a completely even or odd polynomial according to
n is even or odd. —-

Hermite Polynomials

The nth Hermite polynomial H,(y) for a given n, is a solulmn of the differential egn.
(2.73) which can be rewritten in terms of n, using eqn. (2.80), in the form

H,”+2yH, +2nH, =0 (primes over H refer to differentiation) ...(2.84)

We have already dmusscd the series method for solving eqn. (2.73) to get H,,. The
detailed propertics of H, can be studied using recursion relations which can be dcnvt‘d
by serics method (dclalls not discussed here). We shall rather discuss here a more

1 e



@ APPLICATIONS OF SCHRODINGER
3 = | Wave EQUATION
| 1o ONE DIMENSIONAL PROBLEMS

11 FREE PARTICLE IN ONE DIMENSIONAL BOX (ONE

7/ DIMENSIONAL RECTANGULAR POTENTIAL WELL
WITH REFLECTING WALLS OR OF INFINITE
POTENTIAL HEIGHT)

In quantum mechanics, a box means a system in whick @ particle is free s0 that the
potential energy V of the particle is zero wi thin a closed regien {i.e. the size of the
pox) and infinite evervwhere. One dimensional box means the parsicle mOves onrly
dong a straight line say aleng x-axis. Alse '

(i) The walls of the box are non-penetrable so thar there is no chance of finding the
particle outside the box. : ' _

(i) The walls of the box are rigid and perfectly elastic, so thaf tora] energy E of the
particle remains constant as the puniclt rebounds with the same kinefic energy aier

making the elastic collision with the wall.
For one dimensional box of lenzth a, mathematically we can write for the potential

ey ¥ o) as 0 for 0 < x < a (inside the box)

My <

V= {m forx <0andx > @ (outside the box)
Schrédinger Wave Equation -
The Schriidinger equation for the wave function of 2 particle of mass m constrainad
o move along a straight line (x-axis) is

3.0

2m ox*° U dL

_fthe total energy of the particle has fixed value E, (as in the present case), the

tim -
¢ dependence of wis given by

v, 0= iy et =viXe . RRY
4 (v) satisfies the time independent Schrdinger equation
w2y 3.4

" g (E = V@) w=0
\‘(I:In“- We shall find the solution of this eqi- (3.4) for the given potential functron
of the form given by eqn. ( 1.]), shown in Fig. 9 B

—



: i f n not Permissible
Zero and Negative Values o - ‘
It may be emphasised here that the constant A cannot be taken as zero because in tha

casc B = — A will also become zero and hence the s_olulinn_ (3.8) will malic the wivc
function vanish everywhere which is physically uninteresting. FUT_“““ 1S nplhtﬂ ‘:1“ -
to be equal to zero or negative because n = 0, makes L: ﬂLwi_uch means 1 at.l c
momentum and hence the kinetic encrgy of the particle is zcro r.¢. the particle 13 2l
zest for all times which is not physically truc. Also k =0 (like A = - B =0) BINGS
p{x) = 0 which means that probability density lyA® = 0 i.e. the particle is not in the
box.

The negative values of n simply repeal the corresponding values for positive n and
- Tt I S e
do not giv ependent solutions.

Thus the solution of egn. (3.7) can be written as

Wx) 3 A(e™ e =2iA sinkx

or w(x)= Csinkx : 3.12)
where C = 2/A is another consla_ni._

Evaluation of C

To evaluate the constant C, we appl

y the normalisation condition j.e. the total
probability of finding the particle insid

e the box is unity,
) I yiRde=1
0

Using eqn. (3:12), we get

lCIzJ s'm2 kxdx= |
0

or IC1* | n? BZ =
_{["\n = xdx="] (by eqn. (3.11))
\
Iy 2nmx
or 1Q? [Z{1- - ) = 3
Il o =]
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T O S 2nme[*_
or IOV —x| -—IC) 81N — =
2° 0 2 nnr a Iy
s a
or Q" —=-=0 =1
2
2
or o B
/] -
- o F
Hence the normalised wave function is
: 2 nr
Wu(x) = sin —x
4 - a

Eigen Functions

Using the above equation, we can writé the various eigenfunctions as

~ TSN
e=(G) g

S]ﬂ --.\'
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Energy Ligenvalues
For firding encryy f‘il'f_-n-,.rf*u':;. we bve feorm o, 1 115

3 = n'nr
..

a

putting the value of £ ig ega. (35), we e

s = )
imE, "o -
T ee———— == - R

K a’

E = -:-——ﬂzz:}i: — -

Also momentur; of the particle irside 2 D0%. 7, = A3
w
ax nh :
=pE=-= - -
a “e£rf

aberen=1.2.3...2nd A=hTx

Thus we find that energy znd momenium of the parisis In 2 T S0

of dlS-Cde values corresponding 1o &rffzrent xziges of puters Uk SemnT "

gquantum number. Thos momenmum 25d coe7gy © 2 pEpcie fna hox &2

The discrete set of E valves zre calied soorgy {=yvals. The assembiv of ensTev-

E,dg_mvalncs (in increasing order) of 2 parncic is c2lied

" —ghergy Specirum (O enerEy ievelsl 1Rus T endtey ’

-_.—-———-—"".'-—._-

&pectrum of paracle in box is discres. I a particke? ==3 ——
described by 2 wave funcuon with 2 cenzin R valpe, o
it is s2id 1o be in the guantum statz o, Tbe guanium Ae33
state with lowest n i groannd staiz while =2 i
States with highern (= 2, 3, ...} are c2llzd exciad iln
“stafes (Fig. 3.3). In general, the impositten of the a) X
$oundin conditions make the energy eizeavales 2mz
spectrum discrete. It should be noted that for a fre2 Fig. 3.3

particle without boundaries the  spectnim 18

continuous. One can observe from eqn. (3.14) that for particle inaboxifa— = thea
the spacing between the encrgy levels approaches 10 7210 and hence e spoctmum
approaches 10 2 continuoas s¢t of energy values implying that the partick hehavesas

if it is free i.e. without any box (or boundary condinons).

Discussion: From Fig. (3.2) it is clear that there is only on2 hall wavekength forthe

lowesl encrgy state called zero point energy while the SUCOCSANE CRRTYY S

ates ditfer

by an additiomal hall wavelength. Therd are  certain poanty  detweea
0 < x < o at which the wave function vanishes oz atiains mavimum value. The pnts
where_yqx) = 0 are called nades and the paints where ¥A1l= MINMUT AR callkd

antinades. Thug

For nodes: y(x) = 0 For the nth quantum state, the nodes oveur tor

" m—

. NBXX
A\ ——— =
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or E_g'r_{.ruﬂ.l,:. - n
a

cw B (3.16)

a Qa )
nrmthcmu_iutl— —

.

g n ll ]
For Artinades w(1) = matimum

no
Matmum value of sin - n |
- ‘-’ -

fF Y2
Le for an anti-node i) = Ll) x1
a

For the ath quantum state the antinodes occur for

r
gin 282 =I=sm{2p*l)-2-

a

Ip+la

2n

o
-

w0 1.2~ (3.17)

antinodes occur at

=8 3a Sa (2n-la

IS —

2n" 2a° In__'m 2n
Whenn=1 nodeoccun Ar=0andx = g
and :nu'nn;icsocturnl_xaﬂ
This is depicied m Fig. 3.2 (i) i
Whean=2 Mcsoccurux‘=0.x=-g-.x=a &

antinodes occurat x = -:-,;: —3‘:_'.
This is depicied in Fig 3.2 (ip)

Whenm=13 mdqocmrux:ﬂ.x:i,xa.l’_".;xta K
k] 3
anlinodes occur al x = f-..x = }aﬁ.‘xaie-
6
This ts thown in Fg. 3.2 (iis).

In terms of probability density, an ang; ' i i {
density and a i3 3 point of Zero robability density. Therefore. for the nth
“Quanium staic, we find that there are n antinodes, 1p. there are n equally probable
positions in the bot at which the particle 1 most likely to be found. Similarly, there are
(r=1) nodes cach “node“ iy 1

5 i N_two antinodes ie there are
(n=1) equally spaced positions where the probability of finding the particle is zero. Of
course, the two positions r =0 and r = g are permanent positions of " "
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In the ground state n = 1, the position of maximum probability is given by
; ' a
= -g-. For the first excited state n = 2, the probability is maximum for x = ) and x
= .;;f- but the p[Obdhlllly forx = -g— is zero.

The probability of locating the particle.at x = 0 or x = a i.e. at the walls is always
zero (outside the walls it is already zero).

Zero Point Energy for a Particle in One Dimensional Box

For a frec particle in an onc dimensional box of length a, the nth wave function and
encrgy cigenvalues arc given by

; p (0 PR
and E add f; respectively.
2ma

Now for n =0, Eg=0and y, (.r.) =0~
It means that for Eg= 0, the probability of the particle being within the box is nil

i.e. there can be no particle in the box. Hence, if the particle is in the box, n cannot be
zero, So the smallest possible value of n is n = 1 for which

e 2 ;
ww=(2) i
: a a
s : 242
i P 1 lffl -
..!_’aﬂd..’- v . A : E = L
B o : L 2ma?
i’
Thus the minimum energy that thé particle can have is == In other-words,
- T . __ma- .
even when the temperature of the box is reduced to 0 K, the total energy will still be
T
4 =~
E, and will not be zero. Therefore E = “

- is called zero point f th
= | point energy of the

particle. _

If m is very large i.e. for a heavy particle or if a is very large i.e. for a box of the
very large size, the zero point energy is almost zero.

P\';,z./POTENTIAL STEP OR SINGLE STEP BARRIER (E > V)

When a force field (or potential) acting on a particle is zero everywhere except in a
limited region, it is known as polential step or a single step barrier. In the case of
potential step, the potential function undergoes only one discontinuous change at x =
0 as shown in Fig. (3.4) and hence the potential function of a potential step can be

represented as
v 0forx<0
®=1v forx20
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One Dimensional Potential Barrlcf_l_["" Vo _ T
Now let us consider that aparticle having encrgy E is incident on the barrier from lefy

4 i igin of the x-axis.
(Region ) on the potential step V(x) =.V0 atx =0, [.hc. olr éthc left of the step e, Jef
The potential encrgy of the particle is zcro when itis 0 o e

of the origin O and the potential energy V(x) = Vto the right of the step or the origip

-~ ‘,/(.\-) = () for x <70 . j’ - | REgjOH |
= i/;{; .r(Jl',I >_0 : chion 1

Now as that the total energy of the incident particle is greater than Vy, the value of

step potential ie. E > V,, s0 42 m (E~V,) will be positive and real and classically
the particle can penctrate the barrier and move (with rcduc.ed Kinetic energy) in the
positive x-dircction i.c. in this case the particle can be in region x > 0 as well as x <,

L A

Vix) - :
\ )
. =V "
—_— AekT _v{'x) D
; Bemikst = Ot
Region | S -+~ RegionTl
V(x) =0 : Bt :
: Cspt
0

Fig. 3.4. Potential step, -
Quantum mechanically, the particles behave ]ilEf:_ﬁ wave moving from left to right
and face a sudden change in potential at a point ol:disconlinuily at x =0, we will show

that for E> V,, the particle may undergo partial reflection and partial transmission at
nity, the wave function 1s non-

x =0 and for E < V although reflection coefficient is g

zeroin the region x > 0, implying that there is a finite probability of finding the particle
in the region x > 0. The problem is analogous to-light wave striking a sheet of glass,
thereby the incident wave is partly transmitted.

The one dimensional time independent Schrﬁdin’g'c.r' équalioh'is =

d*v  2m , -
-Zr"z—'i- P [E—V(x)]#,:() SR : (3.18)

Now 1o solve the problem let us write the Schriidingcr equation for the two
regions, (Fig. 3.4) e e er.

i

Case I. E > V,, the Schrodinger equation is

. f’+2-1:1 Ey=0forx<g - = (3.19)
dx h* e '
and —%Vi+%{¥— (E-Vy w=0 fdf x>0 (3.20)
- 1 ‘

Putting J%%—E— =k,
3
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HLE

urvd y [ = b0 the shvyve eguations,
We have

d?

—f-"hvﬂj frx<l) (321)

dx* r

d!

“EFBv=0  forss0 (322)
General solutions of egns. (3.21) 2nd (322) may be writien 25

“CyEAd B forz<0 (3.23)
. V;-Ct“‘*‘*-br"’"" forz>0 (324

where I, and g are the wave functions in rrg.:r-s [ il f.:!.p:ﬁﬂﬂ\“ A B.C .:nd
D are constants znd can be determined by u £ the uszel ba..n...m conditions on ¥

and ?7 allhcposmﬁfducmn *L!zpoz:uuzla.;x-—ﬁ.
x

In these two equations, the wave finciioa 15 made vp of 10 t2rms. the first 1erm
of egn. (3.23) is a wave travelling 2long + ve x-2xis (inciden: wave), second 1erm 1s
a wave moving along - ve x-2Xis {reflected wave ot the interfoce) in the reppon L In
eqn. (3.24), the first term is zgzin 2 wave advascing in the positive dirscoon of x-2xis
in theregion I (transmiried wave) whereas the secons 1577 represenls 2 Wave moving
in the negative direction of x-axis in the region Il {reflected wove). As there occars
d;scomnuuy in the potentizl only 2t x =0 in the region Il and therzafier there nocurs
no discontinuity, it me2as that the reflection »ill not tzke place In region Il and hence
D = 0. Conseguently, the second term of eqna. (324) in discarded in region I1. Hance
the cqn. (,3 24) becomes as =

%= Ce"“‘fon >0 323)

--'—--'

Alternatively A, B.C rcpttscm mc zmpdmdcs of 1 mad:*zu*"l*oed nnd fransmitted
waves rcspecmtl) e =
Deternunatian of Constants

= i

Thcs:am-phmdcs (1. B and C; can be determinad by vsing lhehcﬂndm conditions,
f.;»wfnch require thar the wave function and its derivative must e AQnun.lmL_;l the

- Irn

" “boundary ie. atx =0 Qe il 5
V= &=
v, _ v
and == == {ax=0)
et a_t L~ a‘; —
Putiing x = 0 in egns. (3.23) and (3.25) and equating ¥, = v, we gat
| A+B =C

AtBSL ‘ e Q.%@ ~,;£:.":
M*‘*"""ﬁ "'“ s

Now differentiating egns (323) and (323), we have

e 3;’" = ik, [Ac* =Bt P T

du - 4 F =3 g, >

e = s T e =g

-

W T

ah b

il ey

g 4

"

N W
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PiminaMmenirar s o Pavsiecs

aml ¥ . iky Ce'

(3.2z
N

;0 J
Patting x = 0 in cqns (3.27) and (3.28) and equating ‘Vr =2Y2 , we haye

dx ;
ik (A =B)= ik, C <~ (3.29)

Since there arc only two cgns (3.26) and (3.27) connecting constants A, B zad ¢

and hence they cannot be uniquely determined. We will, therefore, determine B and C
in terms of A,

Substituting for C from eqn. (3.26) in cqn. (3.29), we get
ki(A=B)= ky(A+ B!
or (ky - kp)A = (k, + k,)B
or B= M et - (3.30)
(5’[ +k,)
Putting this value of B in egn. (3.26), we have

(k, +ky))A

C=A+
- (k; +k;)

ki +ky, +k —ky)A 2k J
kit k kydky e

.e. the amplitudes of reflected and transmitted waves are described in terms of the

amplitude of incident wave. The wave functions now can be wrilten as

k, -k

; _”;’ Ae_‘“=l|'.!_,-5‘.+ W forx <0
1+ &y - —

WI - AE“'I-P

a = P +Ik Afﬂ"=lafm'.;,‘ forx>0
1Ky :

i - S
= (=
DV sl _ & - -



y.’///f’OTENTIALrSTEP OR SINGLE STEP BARRIER (E < Vy).

Let a particle of mass m and total encrgy E be incident from left (Region 1) on l|‘"-‘
potential step
V(x) = Vg atx =0, the origin of the x-axis.
The potential encrgy of the particle is zero when it is to the left of the step i.e. left
of the origin O and the potential energy V(x) = V, o the right of step or the origin,
V(x):Ot:or.r <0

=Vyforx20

g Region |
Region 11
Now as the total energy of the incident particle is less than Vy, the value of the step

potential i.e. E < V, so J2m(E=V ) is imaginary and classically the particle is

reflected at x = 0 and it will not be able to penetrate the barrier because it does not
possess sufficient energy to be in the region x > 0.

From quantum mechanical view point, the motion of the particle is governed by
Schrbdinger’s wave equation for regions 1and IL As the potential V is independent

of time, we have to solve Schordinger’s time independent wave equation to analyse
the behaviour of the particle. It is given by '

dzw 2m ;

For region 1. (x <0), V(x) = 0. Let in this region be denoted by . Substituting
V(x) =0 is eqn (3.38), we have

dzwl 2m
——+—Epy=0
dx*  n? i
Putting 1‘%:— = k, in the above equation, we have
d’y, 2
— +k =0
Ayt ¥i

(3.39)
The general solution of the eqn. (3.39) is given by

pi = AdteaBete (3.40)

where A and B are arbitrary constants. The first-term Ae'™1? represents the wave

associated with the incident particle (incident wave) and the second term Be™1* is the
reflected wave, which arises due to reflection at the potential step.
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ForreglonIl. (1>0), Viz)=V,, Letinthisregion yir cored 7Y ¥ Sty
Vix)=V,inegn. (3.3%), we save
2
d°y,  2m

dzi—f' hi (E" Vf;) Vzﬂ /] {3’1’5}

In the present cawe, E < V,, w0 (E - V) is z megative goatity, Petteag
(E-Vy=~(V,-E), we have

d'y, 2m A
dx71 - ¥ (Vy-Ejyy;=0 (A2
i, 2m(V, -E] :
Substituting J—h'l——’ = k, in the 2bove equation, we bare
'y, . pe
& -kay3= 0 (343

The general solution of the equation is

v, = Ce'7 +DI? (343
where C znd D are arbitrzry constznts. Tre wave function g becornes infinie a0
x — « due 10 the presence of the term D> 2 this temm increzses indefinitely »ithz
ie. &7 — o for x — + «» making %, — «=. This violates the boondery concitions (&
W, has 10 be finite everywhere). Hence we must have D = 0. Sebstitsuing D=0z
egn. (3.43), we gat

W = C7 (3AS)
Definition of Constants
For evaluating B and C in terms of A, we apply the bowndary conditions, wizt
require that wave function and its derivative must be continuons at the boundary Le.
atx=0¢e.

Vi=¥ (z2x=0)

and oy - B.yr,. (ztx=0)
SR |
Putting x = 0 in egns (3.40) and (345) znd eguating ¥, = y5, we g2t
_ A+B =C } (3.26)

Now differenting egns (3.40) and (345) we bave
o8 ik,(Alﬁfx-Bf_uf') (3.47)
ox

and 3_;:/2 = —k,Cet¥ (3.48)
dx

Putting x = 0 in egns. (3.47) 2nd (348) and equating
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dy, = a’n"z
ox dx
ik'(A -B)=-k,C

A-B= ~h C=i—+~ Lok
ik, k
Adding eqns (3.46) and (3.49), we get

2A=C+ i-’iz—C
; k,
2k, __2ik
ky+iky ik =ky
Subtracting eqn. (3 49) from (3. 46), we get

2B=c-i£1-c=['———-—"'""‘= C
- ky k,
=[ik,+k2}czik,+kix 2 ik,
thy )z ik e ik ey

_ | ik +ky A il :
=Ntk 2k, i
ik +k, L+k

ik, - kz .
Thus wave functions (3.40) and | (3.45) can be written as

we have

(3.49)

g’ C= (3.50)

or B= 3.51)

v, Aeii,r+A[!kl ::1 ]e-"‘xl forx<0
ik,

-2 ik, oo
The probability current density for the transmitted wave will be

] h [W_ dy, —y dy % ]

%:A forx>0

o mf'“ 2im -t ! 2 ox

] T

_h
= im [C"‘e""'C( kye - Ce'“C‘(-—&)e_h}

= 2 P [cooker -‘”+ccq )= 0
mi .
.. " h] 2_‘JTDM 0 .
Transm:;smn probability, I'll_'l == -5— =0 (3.52)

Also reflected current density in this case is

« d
JM—RE[——-W, g:']

—
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e (Z ~
h[-—fk-fk; )l‘\'."""‘k}; “ 7 s
= Re |—|——"7— &, ~- £ }
{ im f’lkl"kz =
m
Similarty
Jinci = 2, AP
m
. P b ‘]l'\‘f _':. -'u_'_"
~ Reflection probability, IRI” = T 1 ——
Penetration (or Leakage) Through the Poreacal Sarrees
From eqns (3.52) and (3.53), it is evident that the iasdess wie 3 1l SSemss
there is no transmission, The fact that there 18 B0 Mansmasds = S50 Jhwas o

the fact that JI, o= 0 (0r D o m ) e the wioke of e 30 & =oeoes 2 T
£ 0p mncd fhe trmsmission probalility Vanishas Dl O i Tonshar (23 IS
bg &l ned et in the |pp_iuu Y I"l;.l\l W MRep (L O\ W ok Tha e s “h;:-h_
protability ol finding the Pl i clasaealy ‘\\\\:t:-r "W'—Mh "}_;; }
PHEfGmEnn 18 known ny quantum nivchanical 'm'nmw it Tk ®Uhaaet e

Fegitan (6 < 0 1n ehnarieally R T TR P N QuBANIM machancsi, o
A T Y el tted Ay wnde o ROREEHAN O TR DRSO W IR

Clasaienlly Tonbddeden spion (v <O e CRHAPN W1 RN AR T DR e LSRN
R T T TR N1

b
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e B s, = RN S AT
Vitenanmy
\ b '1\“ ‘\
\ “ *
vy R b
i
(RA ARN '
3 | o \\
\ %%

PHR I RRAT 1 RS EAARA 43 RN

TR EHRTIT
IR CFEAERTARRG sk A 5 A A AR T N
oV PHEL R
AR ki

,_‘\\k TN \‘.\\‘* Y
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¥ ~2it,
Yow CC% = A 1 =Ty
' ik, ~F, -k ~E.
- &
. 4&k*
= A" : 3
[
. 4ft .
P=A*— L_ 27 (3.54)
L4k
Thus there 1s 2 finite F'Dba*f'liw 5.4 r :.,._. m:;,_. 5 the region z > 0 o

dec"cascs cxponcnuallw m!.b r".c'.a.smg x 25 shown in Fig. f3.'5;.

‘}pémtion Depth : g s gen Sl

The penctration distance or depth of penctration is defined as the distance in which
the wave function ¥, reduces to 1/e of its valpe at x = 0,

TTu:wa\c function y, atx =0, C ¥ = Ce " =€
1 Let Ax be the distance from x = 0, where the wave function is Ve of its valoe 2t x = 0.

Cet*=1C-
@0 e
g""-‘hz—l-:f_l
e
kAx = |
j h

(3.55)
ks 2m(V,-E)

/How Can We Observe the Particle in Classically Forbidden Region?

For observing the panicle in region x > 0, it must be localized within a distance

: -~ h
Ax --i— and its momentum must be uncertain by Ap, 2 e = k= ,fzm(vo -E).

-~

(Ap,)’
2m

Thus uncenainty in K.E. = = (Vo - E). Hence its final energy which is E

plus the added K.E. from localizing the particle is sufficient (o raise it into the
CIasslcaI]y allowed region. In other words, if we try to observe the particle in the

region x > 0, we necessanly imparw._mmhauhgm_mls >V,

T
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X% ONEDIMENSIONALFPOTENTIAL BARRIER

Lat us ovmsidier one dimensiomal potential barmer problem (Fig. 3.7) where the
Trertral Smeson s defimed as
Vi) =Cforx <0 1
=V,for0<x<a } - (3.56)
=Qforx>a J
B i potential Barsier is between x =0 and x = a (i.e. width of the barmier =qa)
me:mn;mr:trg, it is clear that the particie (or wave) can be incident on the barrier
Stiter oo e lef or from the fight. Let a particle having energy Jess thanVyie E<
%, oo this Farrher from the left ce. from region I, then classically the particle
wiil 2itvays Fe m=fece=d and hence will not penstrate the barrier. However, quantum
Tnt:-:z:mil.';n".'jr s for E < V,, there is a finite probability of the particle penetrating
srmuen e sar-er and acpeasizg iz the region IIL This probability of penetrating the
Sar—er is mrmed as the me! effect. This is entirely 2 quantum mechanical effect and
tire piencmena [ike feld emission of electrons, emission of a-particles from the
mucfens = are axamples of this tunnelling effect. There is no classical analogue of
Fuarthes for E > Vi, classically, the particle will always get transmitted through the
Tar—er. wher=zas quantm mechanically there is a finite probability that the particle
wiil g=x efiested i region § and will penetrate the barrier and appear in region I

(Feflazed  (Inccert Vin=%
N W) A
P e 2 Formzrd wave Ted
" T (Transmited wave)
I [ Vs
F E ’ n m
’ EzCcward wave
Wix) =0 l v _
: ! lraice bamiar =
x=0 xX=a —_—
PIg. 3.7, 1 = wrvad G sl

for order 69 solve this problem, let us write Schrondinger equation, in each of the

theez rxgions L 1T and 11T (Fig. 3.7).
Forregion fie forx <0

£y, 2m
D i EV =0[Vix)=0] - (3.57)
Poreefionliie for O <t <a 9
Ve I 5 |
A P37 E-Voy = 0[V(x)= V] (3.58)
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For region IMMie forxs g
d'W; 3 2m

PR E'r"3=0[V(X)=0]‘

Here ¥, ¥4, and y; are
The general solutions of

Vi = Aeft +Be ity

¥: = Ce'ty 4 De~ ks

, 2 " -
ky = ’-L"E. and k, = J—_____._z”'(ﬁ Vo) (3.63)
h* ‘ h?
In eqn. (3.60), the first term represents the wave travelling along + ve x-axis in the
region 1 i.e. the incident wave and t

he second term represents the wave reflected in
region[at x = 0.

In eqn. (3.61), the first term represents the wave travelling along +ve
x-direction in the region II. ie. the wave transmitted at x = 0 and second term
represents the wave travelling along -ve x-axis is region I1. i.e. the wave reflected at
x=a

In eqn. (3.62), the first-term represents the wave trav
x-direction in the region Il i.e. the wave transmitted at x =
represents the wave travelling along —ve x-axis is

“moving in the backward direction in region 111 (as there will be only waves moving in
the forward direction in region I1I). Consequently, F = 0 so that the solution of eqn.
(3.59) in region III i.e. eqn. (3.62) can be written as

¥ = Ezitt' ' (3.64)
Now choosing the incident wave amplitude (A) as unity, we fix the constants B, C,

D and E relative to unit amplitude A. Replacing B with R and E with T (ie. R as

reflection coefficient and T as transmission coefficient) respectively the solutions
(3.60) and (3.64) are written as

W = le'h" 4 Re0
¥ = Ce*" 4 Dt (3.66)
% - T(purr (.‘.67)
For evaluating R, C, D and T, bpundary and continuity conditions on wave function

and its gradient at the two boundarics x = 0 and x = aare applicd. These conditions are
(a) Condition ()t The w must be continuous at the boundarices i.e,
— :

clling along +ve
a, while the second term
region IIT; but there is no wave

(3.65)

v=ypatxr=0 e, w(0) = p(0) (3.68(n))
yy = pyatx =lade yola) = i) (3.68(h))
(b) Condition (il)s The oy must be continuous al the boundaries i.e.
v dr
dw, (0)  dw,(0)
'E‘)'E'L='——Law atxe= 0 fe dLd L

(3.69(n))
dx ox ox o

; ~

et i

s an— . B A 7 -

-
e, . S
e ———
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Sy, _ vy alx=a Le sl 8!,:/33((!) (3.69(b))
ox ox dx “
Applying condition (3.68(b)) to eqns. (3.65) and (3.66), we have
1+R=C+D (3170)
Applying condition (3.68(b)) to cqns. (3.66) and (3.67), we have +
Cﬂ'“‘:“‘+ De-fi:ﬂ - Te”ﬁ" (3-71]
Differentiating eqns (3.65) to (3.67), we gel
ag" = ik, (™ = Re™1%) (3.72)
al'}fz ll (Cenl At lk:\') (3.73)
T -
Y, = ik, ke (3.74)
dx
Applymg boundary conditions (3.692) and (3.69b) to these equations, we have
ik, (1=R)= ik, (C-D) (3.75)
iky (Ce™ — De) = ik, Te™ (3.76)
From eqns (3.70) and (3.75), we get
1+R=C+D .
1-R=£2-_’(C—D). e i
ki ' dh
Adding and sublracung these equallons we get
' 2C-—(I+R)+—{l
k,
k k:
1+ )+ R(l——) (3.7
_ , ( ky k, :
and . 2D=(1+R)- (1 R):

k, k ‘
=|l1-—L|+R|1+L 3.78
[ kz) [ 'k} ' Ge)

P
Similarly from eqns (3.71) and (3.76), we get | -
e _2Ce"*='_'1.="r,e**=*'(l+,-"—‘-)..-, A A s e B79)
‘ -~ mie
and . - 2 De-l.l'zﬂ =Te”:|ﬂ_ [l__:_l] g (380)
? 2

Substituting for 2C from eqn (3.77) in eqn. >(3 .79) and I'or 2D from eqn. (3.78) in
eqn. (3.80), we gl:l
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(
{L{I;Z}LR[I—_‘;)} !lt-a_-rellla(’+ 2] s
ky k _ \
p { ——)*R[“Iﬂ] ‘4"”=Te""(1-5-J (3.82)

ky
nyiding €qo- (3.81) by eqn.(3.82), we get

R

,r l:«-

[ 1+ )u"*f‘ /')
g M

= m, ad expanding cxponentials in of sine amd cosine, we get
?( 2 1‘2 : \
R‘i’-_l“}};) (cmzzaﬂsink,a)-(l&-;—) (cos k,a—isin “-;G)I

._.(1_._11'..\(co{k‘,a-isinkia-mk,a-nint,a)

)

or R(cmk.a[(p-])z uu-l)z]-!-u:nk;a[‘ﬂ-llz*"ﬂ*lfl]
=-2i(yf - 1)sinkea

e R[—-&yxmi:-a*ﬁmk,a(f*lﬂzlﬂl p")unlan

R[ggtf(;n-l)+2;ucmkza]=fl-;.r’umiza

< (i-prysabe (183
= !'xdktﬂo-wfﬂﬁ"t"“” u.sy’)r-;tza+21ﬂtr‘$k;d

Sinnilarty, we get from ogn. (332)

R oo A

{ Sg (1= )sinka ‘ﬂ*U}fi"'
: 1 (- 1= BTG smba < Zipon by

e Pr———

» I
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AL {B‘t [l #=1IN1+ ""\ vl u.\_u.‘ t 1“\]_! .’_i.‘ll_ljll s |_) CON *_!Il iy

e i i "
-

(e _i:\\\ili L+ 20 deos Rya

TR e - Deos kg

: 2 |
U+ 0 Y sin R+ 20 1 cos L

]

N —————

<4 & (8= D {oos R sin dya) it
W+ i) anta + 20 g cos kya

. W (it
A Q=N e

[

(1+ 29 ) sink,a+ 20 4 eos ka

o T (erunsmission coeff in region 11

2ipe M

- (1+ y: )sinkya+ 21 4 cos kya
The reflection and tansmission coefficients are, in general, complex number as
can be seen from egns (3.83) and (3.84). Their amplitudes can be evaluated by taking

modulus of these quantities ie. IR and IT\ where IRI? and IT1? will represent the
peodability for reflection and transmission respectively

Ty &
Now IRIF= R x R* = (1-4*) sin k,a
24i cos kya + (1+ 4% ) sin k,a

(3.84)

[ (1= %) sin k,a
~2/4i €08 kya +(1+ 4)sin kya

3 (- 4%) sin’kya (g

4p2c0s2k2a+(!+ﬂ2)251n2kza., it (3.85)
and m2=T><i'*.—.[ ' _2uie™e i
¥ (I+47) sin kya+2 iy cos kya

[ . =2uieha s e

— (1 +ﬂ2)5iﬂ kza—2i JCOS kza

- - 3.86
“.‘*ﬂz)zsmzkz“"“"ﬂz_coszkza (3.86)

The M’ s an increasing function with a

: nd its variation with E as a function of V,,
and a can be examined through the follow;j '

ng spccia! cases.
Special cases -

1. When E approaches Vyie Eo Vo (ork, = 0).

V :
Nowy= L= []-0 — 0 (for E - V)
k, E

Let us evaluate IT1 in the limitE - Vo (ork, = 0)
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4

“‘-‘ﬂl)z-m}—k"a-ﬂcmz k,a

corn €G8- (3.26), e =

4

. 1
(I+p’)3(£’£i—“) k2a? +4cos” kya
a

—

a5k — 0. ten it — 0 and 1n this limit

e Tl P l,,
kia* +4 1+t;a’
4
;:_é:g%%ﬂ-blmdcoskzaalnklmkza—)m
: ik ol e (3.87)
l+(ﬁf-)
2
2 WekenE> VY,
. 4y’
o I = (1+ p*)* sin* kya + 4" cos® kya
Her= - = I——‘E’-—'
; K=Y TE

ﬁ:?ll::cmlmdpmiﬁvcforE>V°andiuvalncislcssthanonc(i.e.pcl)
Lez =3 find the condition for perfect transmission for which
mi=1 " ;

Teis will comespond 0 -

(B e sin’ k,a+4;fcasz k,a:d;f (from eqn. 2.86)
er (1+;?fsin’k,a+4;}(1-sin’k,a)=4;£
o (14 P -4f)sin’ kpa=0
4 (1 -2y sin’ ka=0 -
Asp <1, so(1 =Y cannotbe zero -~

Herez v sin’ kya=0

% sin kza =0 9

x 3 ' kya=nx , | (3.88)
oF 2% onx T o

or g =12 o (3.89)

pA
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M ¢, whanaver birtlor widm' b 1
UROA PRLIRVE LRI A e whiiy g = y .. whenever arelo ‘

A e g tal ke o hatt wavetongih
LB GOt (e e (ARNY can o exproedd fn oo of Mol Y,

R
Nivw .lz.l - NN W l} - :
\

A

N \-\l \:\‘_\ Ny

N Y -

) \ A il o ¢

- . \ - !13 h.!

; \ " a> dm

o BwV, ni'-"f-f'-l (3.90
Vo2ma

Whoever eqn. (1.90) is satisfied in B and Vy, the perfect transmission will occur

axd e this case

) o 4
Ul rere I | ]
4sin” kya+4coskya  4(sin® kya +cos® kya)

M < |

The phenomenon of penetration of a particle through a potential barrier of finite
wuth and Reighr is due fo wave nature of matter and is called wave mechanical
(quantem mechanical) tunnelling. o decay is the best known example of barrier
pecetration. Another prominent example of tunnelling is field emission tunnel diode.
T (egn. 3.86) increases steadily with the energy of the incident particle for E 2 A\

] R 0 £ |
and attains a maximum value for the condiliunE:Va[H - rrzh + after which its
£ FRmel iy v n2ma’Vy
value oscillates slightly (or shows penod:c vanatmns) with maximum M? =1,

becoming asymptotically equal to unity for values of E lhat are very large compared
o Vy as shown in Fig. 3.8. i

i

10

13 ]

ol

m /

02

(ENg) ——s-

Fig. 3.8. Transmission of a square potential barrier as a function of energy.
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Putling £, = 5 we pe

ar= -
r - - -
' d- — = —
g —— RS ——-aE
o Y . ' =

where sin (if) =i sinhfand cos :F = =7 =

Ty . s - ":lv&:: K:

Or ; ‘i = > -

] T | - ‘-.'

LN 'l —  sm~ t:-——:::-.\ ~ <X

‘_r':,.'- H \ "ﬂ ';"\_

or = - =0
llc- -5l anh b - S ot

\\hnch is posm\tnndkssthanum:} Rl @ ard, =0 = T o T T
M*is zero for E= 0and s E :m:*ag-\{s\c.. e BRSNS AP 3 e
ismoothly the value (387} o E = Vg Ind alaim I muuimam, Wl & oesy
carlier and also shownin Fig 2 8.



